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THE STRAIGHT LINE SOLUTIONS OF THE 


PROBLEM OF N BODIES* 








By F. R. Movurron 


1. Introduction. IN an elegant prize memoir,{ Lagrange proved that 
there are, forany three finite misses attracting one another according to the 
Newtonian law, four distinet configurations such that, under proper initial pro- 
jections, the ratios of the mutual distances remain constants. In all the con- 
figurations the bodies describe similar conic sections with respect to the center 
of mass of the system, the simplest case being that in which the orbits are cir- 
cular. In three of the four solutions the masses lie always in a straight line, 
and in the fourth they remain at the vertices of an equilateral triangle. 

In this paper two closely related problems are treated : 

I. The number of straight line solutions is found for n arbitrary positive 
massest; that is, the ratios of the distances are determined so that under 
proper initial projections the bodies will always remain collinear. This is 
the direct generalization to the problem of x bodies of Lagrange’s straight line 
solutions. The method of Lagrange is not suitable for treating the general 
ease. Below the problem is formulated so that it is solved by finding the total 
number of real solutions of simultaneous fractional algebraic equations. 
From the mathematical standpoint the interest in this part of the paper centers 
in the algebraical problem of finding the number of real solutions of a formid- 
able looking set of simultaneous equations. 

Ii. The second problem is that of determining, when possible, n masses 
such that if they are placed at n arbitrary collinear points, they will, under proper 
initial projection, always remain in a straight line. If nis even and the linear 
dimensions of the orbits are given, it is proved that the x masses are in gen- 
eral uniquely determined ; and that if ” is odd the coérdinates of the n points 
must satisfy one algebraic relation, after which, choosing any one of the 





*The greater part of this paper was written in 1900 and was presented to the Chicago 
Section of the Am Math Soc., Dec. 28, 1900. See Bull. Am. Math. Soc., vol. 7 (1900-1901), 
p. 249. It has been recast and put in form for publication by the author as a Research 
Associate of the Carnegie Institution of Washington. 

¢t Lagrange, Collected Works, vol. 6, pp. 229-324. 

t Treated brietly by Lehmann-Filhés in Astronomische Nachrichten, vol. 127 (1891), 
no. 033. 
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masses arbitrarily, the remaining n—1 are uniquely determined. This 
problem is in a certain sense the converse of the preceding. 


I. DETERMINATION OF THE PosITIONS WHEN THE MASSES ARE GIVEN. 


2. The Equations Defining the Solutions. Let the origin of 
codrdinates be taken at the center of gravity of the system. This point and 
the line of initial projection of any mass determine a plane. All the other masses 
must be projected in this plane, for otherwise they would not be collinear at the 
end of the first element of time. All the bodies being initially in a line and pro- 
jected in the same plane, they will always remain in this plane. Conse- 
quently if solutions exist in which the n masses are always in a straight 
line, the orbits are plane curves. 

Let the plane of motion be the &)—plane. Let the masses be denoted by 
Myy Mz, +++, m,, and their respective codrdinates by (£,, m), (&:, 92), ° ++, 
(€,, ,)- Then, choosing the units so that the Gaussian constant is unity, 
the ditferential equations of motion are 


la 
a, 1a .. 

one 4 =S — _ om = 1, — oe a m : 
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Equations (1) admit the integral of areas 
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In case the x bodies remain collinear the line of the resultant accelera- 
tion to which each one is subject always passes through the origin. Therefore 
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in collinear solutions we have, by the law of areas, for each body separately 


dé; 
dt 


my Vi iy (¢=1,-+., n). 


=C 


But when the bodies remain collinear we have also 


dé, dd, dé, 


dt dt °°" dt’ 
from which it follows that 

Ts _ = [m; ¢; 
(8) rr \ m; Ci ‘alee 
where the «;; are constants. That is, if any collinear solutions exist the ratios 
of the distances of the bodies from the origin are constants, and it easily 
follows from this that the ratios of their mutual distances are also constants. 
They are therefore of the Lagrangian type. 

If the n masses remain collinear, the ratios of their codrdinates are con- 

stants, being equal to the ratios of their distances from the origin. There- 
fore in all collinear solutions we have 


(4) E; = x €, ni = Xs (z =1,---+,m), 


where the ; are constants. Substituting in equations (1) we have, as neces- 
sary conditions for the existence of the collinear solutions, 


ijs 


i oe. 


de j=l x;[ (x — ;)?] erm i 
(5) \ d*n ra =< m8; = xj) ” 
da ~~ fat x,[(z,—%)?])"? 


r= V6 +7’. 

In order that £ and » as ‘defined by their initial, values and equations (5) 
shall be the same for all values of 7, the coefficients of &/7> and »/r? must be 
set equal to a constant independent of ¢. Letting — @* represent this constant 
and rj = V(x; — x;)*, these conditions, which are sufficient as well as neces- 
sary for the existence of the collinear solutions, become 
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Ng(X, — Xe) . m3 (.°) — 3) m,, (2% — 2n) 
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It will be shown that @* must be positive in order that real solutions of 
these equations shall exist. Suppose the notation is chosen so that in any 


solution 2, < +--+ <.,- Then the terms of the left member of the last equa- 
tion are all positive. Therefore ? > 0 unless x, <0, which is impossible 
since the center of gravity relation w, & + +--+ + m, &, = 0 holds true. 

For every set of real values of ,, +--+ satisfying equations (6) the 
solutions of (5) are the same for all ¢, and these solutions substituted in (4) 
give the codrdinates in the collinear configurations. 

Since equations (5) have the same form as the differential equations in 
the two-body problem, it follows that tn the collinear solutions the orhits are 
similar conic sections. In case the orbits are ellipses the coeflicient of 
— &/ and — nr is the product of the cube of the major semi-axis of the orbit 
and the square of the mean angular speed of revolution. If the undeter- 
mined scale factor be chosen so that x; is the major semi-axis of the orbit of 
m;,, then the mean angular velocity of revolution of the system is @. 

The hypothesis is made that w? and i,, - - +, m,, arereal positive numbers, 
and the problem is to find the number of real solutions of (6) for any value 
of n. For each of these solutions there is a six-fold intinity of collinear con- 
figurations, the six arbitrary parameters being the two which define the plane 
of motion, the one which defines the orientation of the orbits in their plane, 
the one which determines the epochs at which the bodies pass their apses, the 


one which determines the scale of the system, and finally the eccentricity 
of the orbits. 

3. Outline of the Method of Solution. The solution involves a 
mathematical induction and consists of the following steps : 
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Assumption (A). To get the induction, it is assumed that for n = v the 
number of real solutions of (6) for 2, ---, 2, is .V,, whatever real positive 
values w? and m,, ---, m, may have. Itis known from the work of Lagrange 
that when v = 3 wehave V;=3=43!. 

Theorem (B). If to the system m,, - --, m, of positive masses an infi- 
nitesimal mass * m,,, be added, then the whole number of real solutions is 


(v +1) X,. 


Theorem (C). As the infinitesimal mass m,,, increases continuously 
to any finite positive value whatever, the total number of real solutions re- 
mains precisely (v + 1) .V,. 

Conclusion (D)). By successive applications of theorems (/?) and (C’) 
it is seen that the number of real solutions of (6) for n + v + yu is 


Mau = (V+ w)(vt+u—1)--- (v4 2)(¥ 4-1) N,. 
When vy = 5 it is known that .V, = 45!. Therefore 


’ 


N34, = (4 + 3)¢. 


Let » + 3 = nand we have 
(7) N,= ntl, 


To complete the demonstration of this conclusion it remains only to 
prove theorems (/%) and (C’). 

4. Proof of Theorem (2B). When there are vy finite bodies 
my, +++, m, and the infinitesimal body m,4,, equations (6) become 


’ 

* The ‘‘inflnitesimal body “ is in celestial mechanics a well established definite thing. In 

the first place it is absolutely zero. But obviously if this were all it would have no interest. 
It is used in association with certain differential equations which are derived in writing 
them first for all the masses real and positive, then letting one of them (the infinitesimal mass) 
approach zero. The limit of this variable mass, zero, is the inflnitesimal mass, and as this 
mass approaches zero, its motion satisfles the differential equations, which at the limit zero for 
the variable niass define the motion of the infinitesimal body. Since in this limiting process 
the differential equations remain determinate and in all respects regular the process is fully 
justified. It is precisely in this sense that the infinitesimal mass is used in Theorem (B) ; 
the equations used are the limits of equations for all masses finite as my . 1 approaches 0. In 
Theorem (C) the mass m, . 1 increases continuously and we follow the roots of the algebraic 
equations, at least as to their character. 
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The last column of these equations is zero because i, 4, = 0, but is writ- 
ten for use in the proof of Theorem (C). 


Consequently the first v equations, 
which involve x, - 


--, «, alone as unknowns, are the equations defining the 
solutions when rn = v. By (A) there are .V, real solutions of these equations. 
Let any one of these solutions be 7, = xj, - - 


-+-v,=a2. Then the last 
equation of (8) becomes 


¢ a eile m,(2x, 14 = 2 ) m,(2, 5 Wy ) , MT, 44 _ og ) 
=" Hy hl : - + 7 js, lel r ; ‘ 
Tiv+1 Povdl 


Voy +1 
The number of real solutions of this equation is required. 


Consider $,4, as a function of z,,,. It is easily verified that 
( 
Pii(tw)=—o, 


Him g, 4. 1(z) + €) +o, U=1,---, v), 


< 


lim 4, .1(44” — e) -x,(¥=1,---,»), 


$Gii(—-n)=+ nu. 





\ 
Since ¢$,4, is finite and continuous except at 7,4) = 7)", ++) V4, = 44"; 
+x,— x, it follows that there is an odd number of real solutions in each 


of the intervals — » to x’, where zy) is the smallest .j’; «7 to #7’, where sj 


and «;” are any two «'j’ which are adjacent ; and z';’ to + 0, where -r'y’ is the 
largest x‘j). 
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But we find from (9) that 


0d, +1_ gs 2 m, 2 ing 2 in, 


OX 44 Tht M041 ary 

which is negative except at 7,,, = 7, +--+, %,4,=2%,, where it is infinite. 
Therefore ¢, 4, is a decreasing monotonic function in each of the intervals, 
and consequently vanishes once, and but once, in each of them. Since there 
are v + 1 of these intervals there are, for each real solution of the first v equa- 
tions of (8), precisely v + 1 real solutions of the last equation of (8). Since 
the first v equations have, by (A), V, real solutions, equations (8) altogether 
have precisely (v + 1) .V, real solutions. This completes the demonstration 
of Theorem (/). 

4. Proof of Theorem (C). Let z;=2x; (j=1,---,v+ 1) be any 
one of the (v + 1).V, real solutions of equations (8) which are known to exist 
for m,4,; = 0. It will be shown that as m,4, increases continuously to any 
finite positive quantity whatever,the xj’ may be made to vary continuously so 
as always to satisfy equations (8), and that during these variations the xf’ remain 
distinct, finite,and real. From this it will follow that there are at least (v+ 1) WV, 
real solutions of (8) for every set of finite positive values of m,, ---, m,4,. It 
will also be shown that no new solutions can appear as m,,, increases from 
zero to any finite value. Hence it will follow that the number of real solutions 
of (8) is exactly (v + 1) .V, for all finite positive values of m,, - ++, m,44. 

The roots of algebraic equations are continuous functions of the coeffi- 
cients so long as the roots are finite and the equations do not have indetermi- 
nate forms. Consequently the x; are continuous functions of m,., if no 
« becomes infinite and if no 2‘; = 2';’. The real roots of algebraic equa- 
tions having real coeflicients can disappear only by passing to infinity, or 
by an even number of real solutions becoming conjugate complex quantities 
in pairs. Therefore we have to determine (1) whether any finite x‘ can 
become equal to any -r'’, (2) whether any 2}? can become infinite, and 
(3) whether any two real solutions can become conjugate complex quan- 
tities for any finite positive values of m, +--+, ™,41- 

(1). The masses m,, ---, m,,, are by hypothesis all positive. Let 
the notation be chosen so that for any values of m, +--+, m,41 for 
which the <x‘? are all distinct we have the inequalities x? < 2) <-+-+< 29 
< a\".,. Let us suppose that as some mass is changed we find xj — x}? 


approaching zero in such a way that 2; and 2‘; remain finite. That is, 


ee 


—— 
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r;,, Which occurs only in the expressions for ¢; and ¢;, approaches zero. 
Suppose ¢ <j. Then the term involving r;; becomes negatively infinite 
in $; and positively infinite in ¢;. Consider ¢; = 0. Another 7; must 
approach zero in order to restore the finite value of the function ¢,, and 
the term involving 7;, must become positively infinite as r,, approaches zero, 
Therefore we see from (8) that & <7. But r, enters besides only in ¢;, 
and similar reasoning shows that r,,, where 7 < 4, must also approach zero. 
In this manner we are driven to the conclusion tinally that an r,,,. where 
one of the subscripts is unity, approaches zero. Then consider ¢, = 0. 
All its terms except — @? 7, are negative, and since one of its r,, that is 


r,., approaches zero, the first equation of (8) can not be satisfied, Con- 


pa 
sequently the original assumption that some r,, can approach zero for 
finite values of wy), +--+, 2 4) and finite posrt/re values of my ee my yy 
leads to an impossibility, and is therefore false. 

(2). Multiplying equations (8) by a, wy, +++, m,.1 respectively and 
adding, we get 


_ "(10 + Wish + + + TS MS, + M4, Se, +1) = a), 


‘ 


It follows from this equation that now, alone can become infinite, 
and that if one becomes positively infinite, then some other one must be- 
come negatively infinite. 

Suppose the notation is again chosen so that yo <ry <6) ow ery. 
Then if any 2; becomes negatively infinite «,) must do the same, and from 
the equation above it follows that...) must become positively infinite. Now 
suppose this to oecur and consider the equation ¢, = 0. In order that 
this equation may remain satistied, 7, must also become negatively infinite 


in such a way that «;)—.r, shall approach zero. But now it follows from 
‘ : m, (Ly —w)') oa 
d, = 0, since — ow «',) and ‘are both positive, that.) must 
y = 
l2 
also become negatively infinite in sucha way that > — ©, shall approach zero. 


It follows similarly from @,; = 0 that «> must become negatively infinite in 
such a way that,’ — ,° shall approach zero. This reasoning continues until 
it is found that)’, +--+, 2, must all become negatively infinite. But x)’, , 
at least must become positively infinite, and we are thus led to a contra- 
diction. — Similarly it can be proved that no .;) can become positively 
infinite. 

In order to prove now that as m,4, approaches zero, equations (8) 
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remain determinate and their solutions finite, and that there are accordingly 
no others besides those obtained in Theorem (/3), consider a solution 
®y4, +++, 2,4, in which the x; will be distinct for a set of positive values 
of m,, +--+, m,4 ,, and then let m; approach zero as a limit. 

In the first place, if x; approaches neither x;_, nor x; 4, as a finite limit 
as 7; approaches zero as a limit, then by the reasoning of (1) and (2) above 
no x; can approach any 2, as a limit. 

In the second place, x; can not approach 2; 4, as a finite limit as m; ap- 
proaches zero unless #;_, also approaches «;,,, for otherwise ¢;=0 can 
not be satisfied. But if *;_,; approaches z,,, as a limit as m; approaches 
zero, then ¢;_, = 0 and ¢,;,, = 0 can not be satisfied unless z;_, and 2,44 
also approach z;,, as a limit. This shifts the difficulty to ¢;_, = 0 and 
$;4,= 0, and so on until ¢, = 0 and ¢,,, = 0 are reached, which can 
not be satisfied under the hypothesis. 

In the third place, 2; can not become positively infinite as m; ap- 
proaches zero, for then ¢;= © can not be satisfied unless 7;_, becomes 
infinite in such a way that x; — 7;_, approaches zero. Continuing through 
$;_, = 0, ete., we are led to the conclusion that «,, ---, 7,,, all become 
positively infinite ; but then the center of gravity equation can not be satis- 
fied. Ina similar manner it can be proved that as m; approaches zero as a 
limit no x; can approach any «, or become infinite. Consequently the solu- 
tions all remain regular as m; approaches zero as a limit. 

(3). Since the solutions of (8) are continuous functions of m,4 ,, it fol- 
lows that no two solutions which are real for m,,, = 0 can ever become con- 
jugate complex solutions for any real value of m,,, without having first 
become equal; and similarly, no two solutions which are complex for 
m, 4, = 9 can ever become real for any real value of m,,, without 
having first become equal. Consequently if a multiple solution of (8) 
is impossible for every set of finite positive values of m,, ---, My 415 
it is impossible that any real solutions should disappear by becoming im- 
aginary, or that any imaginary solutions should become real. 

The conditions that 2 = +” shall be a multiple solution of f(x) = 0 
are that f(a”) =0 and f(x”) =0. The corresponding conditions that a 
set of simultaneous algebraic equations shall have a multiple solution are 
that a set of values of the variables shall satisfy the equations and that 
the Jacobian of the functions with respect to the dependent variables shall 
vanish for the same set of values. That is, the conditions that 2; = x}, 
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(j=1,--+,v+1), shall be a multiple solution of (8) are that these 


values shall satisfy (8) and also the equation 


Cl CLy 
Ch, Op, 
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Consider two solutions of a set of algebraic equations having real 
coefficients. If they change from real to conjugate complex quantities or from 
conjugate complex to real quantities for a certain value of a continuously 
varying parameter, then for this value of the parameter, they are not only 
equal, but they are also real. Consequently we shall have oceasion to exam- 
ine A only when all of its elements are real. We shall show that it cannot 
vanish for any finite set of real values of the a, when mw, -- +, m4, 
are positive, and consequently that it can not vanish for any particular set 
which satisfies equations (%). When this is established we shall have proved 
that all the solutions of (8) which are real for m,., = 0 remain real when 
m,., increases to any positive value, and those which are complex remain 
complex. 

From equations (8) and (11) we tind 


2m. 
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If am, ,, = 0 this determinant breaks up into the product of a determinant of 
the same type as (12) when all the wm; are distinct from zero and a factor es- 
sentially negative. Therefore it is suflicient to consider the general case in 
which all the m; are positive in examining whether A can vanish or not. 

Several properties of A are evident. (a) If the ¢th row be multiplied 
by m, (@=1,---+,»+ 1), the determinant becomes symmetrical. (4) The 
a sum of the elements in each row is — @*, from which it follows that the ex- 
pansion of the determinant contains @* as a factor. (c) The expansion of the 
determinant contains (— 1)*+! o***! as one of its terms, and since all the 
‘ m; are positive and all the #; are real the sign of all the terms coming from 
e the product of the elements of the main diagonal is (— 1)**!. 

When A is completely expanded all those terms not having the sign 
(—1)**! are cancelled by terms coming from the product of the main 
. diagonal elements, and since the term *(— 1)'+! @***! is certainly present 
: the determinant can in no ease be zero. The following demonstration of 
this fact was invented in 1907 by Mr. T. H. Hildebrandt, now of the Univer- 
sity of Michigan, as a class exercise.” 

Since the determinant contains w* as a factor every term in its expansion 
must depend upon at least one of the elements of the main diagonal. Fasten 
4 the attention upon any term of the expansion. It can be supposed without 
: loss of generality that it depends upon the first main diagonal element. In 
the expansion of the determinant this element is multiplied by its minor ; 
consequently we must see if the minor can vanish. The minor is of the same 
form as the original determinant, and the sum of the elements of its ‘th row 


*An earlier proof was devised by the author, and still another jointly by Professor N. 
B. MacLean, of the University of Manitoba, and Mr. E. J. Moulton, now of the University of 
Wisconsin. 
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is — w? — 2,/ri;. Consequently every term in the expansion of the minor 
will contain at least one of the — w*— 2im,/rj; as a factor. But these elements 
appear only in the main diagonal of the minor. Hence all terms in the ex- 
pansion of the minor which do not vanish depend upon at least one element 
of the main diagonal. In considering our particular term it may be supposed 
without loss of generality to depend upon the first main diagonal element of 
the minor. In the expansion of the original determinant the product of these 
two diagonal elements will be multiplied by the co-factor of the minor of the 
second order of which they are the main diagonal. This co-factor has prop- 
erties similar to those of the first minor just considered, and in the same way 
we prove that at least one of its diagonal elements must be involved in the 
term in question. That is, the term under consideration depends upon at 
least three elements of the main diagonal. Continuing in this manner we 
prove that any term in the tinal expansion different from zero depends upon 
all the elements of the main diagonal which are all of the same sign in every 
one of their terms. Consequently all the terms which do not cancel out: in 
the expansion of the determinant have the sign (— 1)'*'. And we have seen 
that there is at least one such term, viz., (— 1)'*!'@?' +! . Therefore the deter- 
minant can not only never vanish, but it can never become less than @?" *!) in 
numerical value. 

Since A can never vanish for real finite #)° when all the w, are real and 


positive, it follows that no real solutions can ever be lost or gained as thew, 


vary, and therefore that the number of real solutions of (8) is always 
exactly (v+ 1) VN, =4(v4+1)!. 

5. Computation of the Solutions of Equations (6). There are 
well known methods of finding the roots ofa single numerical algebraic equation 
of high degree, but they are not readily applicable to simultaneous equations of 
high degree. However, when the order of the masses has been chosen, equations 
(6) will become polynomials in z,,---, ”, after they have been cleared of 
fractions. Then by rational processes 1 — 1 of the x;can be eliminated from 
these equations giving a single equation in the remaining unknown. The 
solutions of this equation can be found by the usual methods, and the results 
can be used to eliminate one unknown. By repeated applications of this 
process to the successively reduced equations, the solutions can all be found. 
The single one satisfying the conditions of reality of ,, +++, 2, and their order 
relations is the one desired. 

The solutions can also be found by a method closely related to that by 
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means of which their existence was proved above. Suppose for m; = m\”, 
(¢=1,---, 2), a solution x; = x{” of equations (6) is known. The m;” are 
supposed to be zero or positive. Suppose it is desired to find the correspond- 
ing solution, that is, the one in which the masses are arranged on the line in 
the same order, for m, = m;{ + w;. Let the corresponding set of the x; satis- 
fying (6) be a; = a)” + &;,, where the &; are functions of y,, ---, uw, to be de- 
termined. Substituting #; = x)? + & and m;= m;” + mw; in (6), making use 
of the notation of (8), expanding as power series in the £;and y; (which is 
always possible since we have shown no .\’” can become infinite and no 2{” can 


equal any 2‘), and remembering that «; = 2” is a solution of (6) for 
m,; = m‘, we have 
" - co) n in i ” a 
5 & i<« ris & a > } Pr u; 
aot CO het 4! «| aot =n, om; '”” 
j=l J i=? J 1 J J= 
(13) 
n ie + n iti i n A 
ws Cn + \* . 3 ~~ od) gE. a Ch, Me: 
fo On, * m— i! aot Cu, pi om; "7 
j=} J ¢$=3 jzl / j=1 J 
n od i 
Cc k ‘: e ° . 
where = —| are the symbolic powers used in connection with 
> } Se A 
j=l 


the power series expansions of functions of several variables. 

The determinant of the terms of the first degree in the & in equations (13) 
is the A of equation (11) which we have proved can never vanish in this prob- 
lem. Therefore equations (13) can be uniquely solved for &,, - - -, &, as power 
series in #,,---, #, by the method of undetermined coeflicients, and these 
series will converge for |#;| > 0 but sufficiently small. Suppose they con- 


nh 


verge if [w;| Sr. Keeping the y; within this limit a solution x; = 2}' i 
computed. Then this can be used as a starting point for a second application 
of the process, which can be repeated as many times as may be desired. 
Hence, to tind the solution in ‘which the bodies mm, ---, m, have any 
finite positive values and lie ina determined order on the line, we may start 
with m,, m,, and mm, and solve the Lagrangian quintic * which defines their dis- 


* Tisserand’s Mécanique Céleste. vol. 1, p. 155, or Moulton’s Introduction to Celestial Me- 
chanics, p. 216. 
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tribution on the line. Then we add an infinitesimal body m, and find its 


position by solving (9) in which now vy = 3. Then we increase the intinitesi- 


mal mass, step by step, to the required finite value, and compute the corres- 
ponding wy, +++, 2%. Making use of the fact that for (& < p we have for all 
values of ¢ 


d; al 1 9 A w-", 


where 1 is anumber depending on p, @*, m,,-+-, ™m,, it can be proved that by 
this process any finite value 7, can be reached in a finite number of steps. 
After the required value of im,has been reached the process can be repeated 
for m;, ete., to any finite number of bodies. Notwithstanding the fact that 
this would be very laborious if the number of bodies was large, yet we must 
regard the problem as completely solved both theoretically and practically. 


Il. DETERMINATION OF THE MASSES WHEN THE Positions ARE GIVEN. 


6. Determination of the Masses when » is Even. Suppose o? 
and the nx distinct points on a line, 7), +--+, “,. are given, and consider the 
problem of determining wm). - ++. ™, s0 that the straight line solutions shall 
exist. There will be no loss of generality in selecting the notation so that 
Wyo tyo eee cr, With this choice of notation equations (6), which are the 


necessary and sutlicient conditions for the solutions, become 
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The m, enter these equations linearly and are therefore uniquely 
determined if the determinant 
| 1 1 1 I 
0 - —; ~——_—- 
3 ‘h ris Tin-1 Vin 
. —1 1 1 1 
4 — 0 —— —=—- > 
3 M1 og M2 n—1 ‘Qn 
(15) D= 
a l —1 — | 1 
* ; sola: isi eo a 
4 y u—l 1 fe ig rn—13 Mi—1n 
ani 4] i intl 
: ‘ining sates ‘ in mem © 
Sal Mal Mie M3 - Ty n+l 
is distinct from zero. This is a skew-symmetric determinant, and when n is 
4 even it is the syuare of an associated Pfatlian, and, therefore, is not in general 
zero. Therefore if x is even the masses are in general uniquely determined 
when w? and 7, +--+, 7, are given, though it should be noted that they are not 
| necessarily all positive. When they are negative they have no physical in- 
a terpretation. 


7. Determination of the Masses when n is odd. In this case 
the skew-symmetric determinant is identically zero, but its first minors of the 
main diagonal elements, being skew-symmetrical determinants of even order, 
are in general all distinct from zero ; consequently the x, must satisfy one rela- 
tion in order that equations (14) shall be consistent. To get this relation add 
the equation 


ML, oa Mly ky oe see a My Ly = 0, 


which is a consequence of (14), to the set of equations. In order that they 
shall be consistent their ecliminant 
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1 
| ill as z 
Min 


" 





must vanish. This is also a skew-symmetrical determinant and is the square 
of the Pfafttian 
Fr 


l 


Tan 1 


Exyjuation (16) can be found also by solving any n — 1 equations of (14) 
for the corresponding +; and substituting the solutions in the remaining one. 
The result is a sum of determinants which can be shown to be the expansion 
of F’ multiplied by the square root of the determinant of the coetlicients of 
the n —1 im, in the eyuations used. 

When F' = 0 is satistied by 7,,---, 7, equations (14) are consistent. 
Then, after any m,; has been chosen arbitrarily, the corresponding n — 1 equa- 


tions can in general be solved uniquely for the remaining m, and the unused 
equation will be satistied because /’ = 0. 


8. Discussion of Case n = 3. When n = 3 the determinant D 
becomes 


Dz 1 


(Pp 25 113)? (Ti "23 T13)? 





and the Pfaffian /’ is 
(17) - o "4 4 Ts ie 
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It will now be shown that when any two of 2, x,, x; are chosen so as to 
satisfy the conditions x, < x, < x3, the third is uniquely determined by (17) 
and these inequalities. From the fact that in this case ry; > ry, 713 > 3 it 
follows that if x, is positive then — x,/1}, + 23/77, is positive, and therefore 
that .1; must be negative in order that (17) may be satisfied. If x, is nega- 
tive ,, being less, must also be negative. That is, x, is necessarily negative, 
and similarly .r; is necessarily positive. 

Suppose a, and .; are chosen and consider F’ as a function of z,. Then 
we have at once 





b . ah’ 6 
lim F'(2,) =— x, lim F(v,-—€) = +x, CF 1 2x, 2x 
(18) . 2 Anns Foo. 
We cena «e=0 C ry ry. rhs "I2 
‘ si eRe or . oo 
From the inequalities «, < 73; and ry < 73 it follows that = is positive 
Cry 


for x, <“,. Therefore there is one and but one solution of (17) for x, < x% 
when x, and a positive x; are chosen. By symmetry there is but one solution 
of (17) for «, > x, when a negative x, and x, are chosen. 

When z, and +; are chosen respectively negative and positive but 
otherwise arbitrarily we have, considering F’ as a function of 2, 


~~ 


FQ, 1 or 
-”-* a3 
en es ee 


lim/’(.", + €) =+ 2, lim F(*;-—€) =—x, , 
“2 23 Tig Mie 


(19) .-0 <0 


in] 


Therefore there is one and but one solution of (17) for x, satisfying the ine- 
qualities 1) < ©, < 25. 

Suppose a negative x, a positive x3, and m, are given arbitrarily and 
that .r, is defined by (17). From (14) we have 


o My, ° 
m, = — Viz] —- — 77s |, 
23 


20 
siti ; = 9 ] 
Ms = — Vis , + or, ]. 


12 
Since 2, is negative and x; positive it follows from (20) that m, can be 
taken so small that m, and mms are positive. If — 2, is not equal to 23, then 
a positive m, can be determined so that m, and mz, shall both be positive, one 
positive and one negative, or both negative ; but m,, m,, and m; can not all be 
negative. 
THe UNiversity OF CHICAGO, 


NOVEMBER, 1909. 



























ON SEMI-ANALYTIC FUNCTIONS OF TWO VARIABLES 
By Maxime BocuerR 


Wuen functions of two variables are considered, it iscustomary cither to 
assume that they are analytic in their two independent arguments, or, both 
arguments being restricted to real values, merely to impose certain conditions 
of continuity and differentiability upon them. An intermediate case is, however, 
not without its importance,* namely that in which, while the function is con- 
tinuous in the two independent variables, it is analytic in only one of them. 
My object in the present note is to state and prove some of the fundamental 
theorems relating to this case. The extensions to the case of functions of more 
than two variables would seem to be obvious, and to present no serious 
difficulty. 
The real variable x we restrict to a connected interval Y of the «x-axis. 
This interval may be finite or infinite, open or closed. The complex variable 
» shall be restricted to a two-dimensional continuum A of the A-plane, that 
is to a connected region every point of which is an interior point. For con- 
venience we assume that A is simply connected.t The totality of points 
(x, X) which are such that x lies in XY and A in A we speak of as the region 
CY, A). 
Lemma 1. Jf f(x, X) is continuous in (x, X) and analytic in X through- 
out the region (.X, A), then, as AX approaches zero, the difference-quotient 


Dp af ltr RF AN) —S(% ) 
AA 














ge 


converges uniformly to the value ef /ér throughout any closed sub-reqiont t 
(X', A’) of CX, A). 

Let us consider a regular closed curve C every point of which lies in A | 
while no point of it lies in A’ and which surrounds A’ once in the positive 








* For instance in the theory of linear differential or integral equations. Cf. for example, 
Kneser’s paper in volume 58 of the Mathematische Annalen, in particular pages 109-116. 

+ This restriction is essential in Theorem II. The reader may readily satisfy himself . 
that all the other theorems are equally true for multiply connected regions. 

tt The term sub-region, as used in this paper means a region consisting of some or all 
points of the given region. 


(18) 
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direction. Then by Cauchy’s integral formula we have for all points of 





(X', A’) 
1 
fle) = a; [GED ae 
Fer) _ 1 (Mao y 
a) (¢— 2)? 


the integral in each case being extended in the positive direction around C. 
Using the first of these formulw, we find that, when |Ad| is less than the 
smallest distance / between the boundary of A’ and the curve C, for all points 
of (X’, A’) the formula holds : 

D= 1 S(*, t) 


2mij (¢t—rA—AdA)(t—A) 


We may therefore write 


Of _ Ar SJ (2, t ) 
O= 8" Sa / (@—-2 — Ad) @ a)? 


The values of ¢ and » which occur in this formula satisfy the inequality 


j¢—A| 2k. 
Let us now restrict AX so that 
k 
r i 
JAX] <5 
Then 
kh 
|j¢—-A—AA| 2 |t-A| —- | AA| 23 


If we denote by M the upper limit of |f(,)| in the closed region 
(.Y', C) and by / the length of the curve C, we have 
of 


= 7 lanl, 
OX | 


| D- 
| 
, , of » 
from which the uniform convergence of D towards > follows. 


Lemma 2. If f(x, d) is continuous in (x, 2) throughout the region 
(CY, A) and has a derivative @f//éx which is also continuous throughout this 
region, then, as Ax approaches zero, the difference quotient 


“ eS art — 
WED ST GS, Sees Go : 


= — SS 


a 


eee 


a a 
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(a + Ard) — Se») 
_ Ax 


converges uniformly to the value Gfx, throughout any closed sub-region 
(-Y’, A’) of CX, A). 


If we split f into its real and pure imaginary parts : 
S(x, %) = G(r, A) + H(A), 


we need prove our theorem only for the two real functions @ and y, so that, 
since these functions satisfy precisely the same conditions as f, it will clearly 
be sufficient to prove our theorem on the supposition that f is real. In this 
case our difference quotient may be written 


cr e+ OA Xr ) 


CL 


(0 <@<1). 


No matter what constant « we choose, we can, on account of the continuity of 
cfér, find a constant 6 so small that, when Ax < 6, 


Cf(r + Ax, A) » Ef(4r) 


< € 
CL Cr 


throughout the region (.Y', A’).* Consequently when |Ax  < 6 our differ- 
ence quotient differs from the derivative by a quantity which in absolute value 
is less than e; and thus our lemma is proved. 

Tueorem I. Jf f(x, d) is continuous in(x, Xr) and analytic ind through- 
out the region (.X, A), the same will be true of Cf er. 

We know from the elements of the theory of functions of a complex 
variable that ¢f cd is analytic in X. It remains then merely to show that at 
an arbitrary point (’, A’) of (.Y, A) cfd is continuous in (2, X). Let us 
choose a closed sub-region (.Y', A’) so as to include the point (2', X') and so 
that «' and 2’ are interior points of VY’ and A’ respectively, except that when 
x’ is an end-point of .Y it shall also be an end-point of VY’. If we restrict AX 
to be in absolute value less than the least distance between the boundaries of 
A and A’, it is clear that the difference-quotient J) of Lemma I is a continuous 
function of (x, X) throughout the region (.X', A’). Since, when AX approaches 


* We are here making use of the fact that a function of two variables continuous 
throughout a closed region is uniformly continuous there. This theorem, and the proof 
ordinarily given of it, hold in the case we are here considering where one variable is real 
the other complex. 
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zero, D approaches its limit uniformly throughout (X', A’), it follows that 
throughout this region, and consequently in (x’, A’), the limit 6//0A is also 
continuous, as was to be proved. 


Corotiuary. The functions 

o"f 

ox” (n = 2, 3, - ++) 

are continuous in (x, X%) and analytic in X throughout the region (X, A). 
TuHeorEM II. Jf f(x, X) ts continuous in (a2, %) and analytic in Xr 

throughout the region (.X, A), the same will be true of the function 


P(x, A) = [ie pw) dp 


Ay being an arbitrary point in A. 

That this function is analytic in > is known from the elements of the 
theory of functions of a complex variable. To prove it continuous in (2, A) 
at an arbitrary point (2’, X’) of (.Y, A) we form the difference 


P(x’ + Ax, A’ + Ad) — O(a’, dX’) = [M(a' + Az, A'+ Ad) — O(a’, A’ + AA)] 
+[@(2', A’ + Ar) — P(x’, d’)]. 


Since ® is an analytic, and therefore continuous, function of > at the point 
(«’, X’'), no matter how small the positive constant « may be, a constant 6, can 
be so chosen that when | AX} < 8, 


’ / ' | € 
| D(x’, ’ + AA) — M(x’, dr’)! < 2° 
Let us denote by / the length of a regular curve C’ lying in A and connecting 
A» with A’. About A’ as centre construct a circle which lies wholly in A and 
whose radius 6, is less than 7. Then when | Ad! < 6,, we may use as the path 
of integration from A» to A’ + AA the curve C' and a straight line from 
A’ to A’ + AA. The length of this path is less than 2. 

We have 
D(a’ + Ax, X' 4+ AX) — O(a’, r’ + AD) 
A+ AA 


= [f(a + Ax, w) — f(x’, w)] dp. 


Consider now the closed region 7’ which consists of the circle of radius 6, 
about A’ and so much of the curve C’ as does not already lie in this circle. 


4 
i 
ai: 
4 
‘i 
* 


ees 


= a 
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Consider also any closed sub-interval V’ of X of which 2’ is an interior point, 
or, when 2’ is an end-point of .X, of which z’ is an end-point. Since / is con- 
tinuous, and therefore uniformly continuous, in (.V’, 7’), a constant 5, can be 
found such that when |Ax| < 8; and x’ + Ax lies in Y 


a! + Ax, wm) — F(a, #)| < 4 


throughout the region (.V', 7’). Consequently, since our path of integration 
lies in 7 and is of length less than 2/, it follows that when |AA| < 6, 
|Ax| < 6; and x’ + Ar lies in 


| D(x! + Ax, N+ AX) — P(x’, N+ AX)] < 5. 


Combining this with the similar inequality found above, and denoting by 6 the 
smallest of the three quantities 8, 6,, 8, we see that when |Az| < 6, 
(AX! < Sand x’ + Ar lies in Y 


| D(x’ + Ax, X' + AA) — P(a', d’)! <e, 
and the continuity of ® is established. 


THeoreM III. Jf f(x.) ts continuous in (x2,r) and analytic ind 
throughout the region (X, A) and has a derivative 6f/6x which is continuous in 
(x, A) throughout this region, then this derivative is also analytic in X through- 
out this region. 

Consider any regular closed curve C in A. If «© and x + Az both lie in 
X, we have by Cauchy’s integral theorem 


fe + Ax, x — f(x, r) dr = 0, 





the integral being extended around C. A reference to Lemma 2 shows that, 
as Ax approaches zero, the integrand here converges uniformly to @f/éx for all 
values of X on C. Consequently 


[Za = 0, 
Cx 


the path of integration again being C. But since C is any closed regular 
curve in A, it follows from Morera’s Theorem * that é//dx is analytic in 2- 





*Cf. Osgood, Funktionentheorie, Bd. I, p. 256. 
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THeoreM IV. Jf f(x, 2) is continuous in (x, r) and analytic inr 
throughout the region (.X, A), the same will be true of the function 


F(z, ») = [ "f(a, ») da, 


c being any fixed point in X. 

We prove first that /’ is analytic in X. For this purpose it is sufficient 
to prove that it has a derivative with regard to d at every point of (Y, A). 
We form the difference quotient 


F(x,r+ Ar) — F(x,r) _  [*f(a, X+ Ad) — f(a, dr) d 
emma: §=— anni, | ee 





The integrand here is the continuous function D of Theorem I, which, as we 
there saw, approaches 0//6A uniformly as AX approaches zero, provided we 
restrict ourselves to a closed sub-region of (-Y, A), as we clearly have a right 
to do here. From a fundamental theorem on uniform convergence it follows 
that the right hand side of the last written formula approaches a limit, namely 


[ afar) da. 

l. Or 

Thus the analytic character of F in 2X is established. 
Consider now the difference 


F(a’ + Az, ’ + Ad) — F(a’, XV’) = [ F(a! + Ax, A+ Ad) — F(x’, A’ + AdA)] 
+ [F(2’, ' + Ad) — F(x’, d’)] 


where (x’, X’) is an arbitrary point of (.Y, A) and Az, Ad are so restricted 
that (x’ + Az, A’ + Ad) also lies in (_Y, A). 

Since F(x, X) is analytic, and therefore continuous, in A at the point 
(x', X’), it follows that, however small e may be, a positive constant 4, can beso 
chosen that when |Ad| < 6, the second parenthesis on the right of the last 
written formula is in absolute value less than $e. The first parenthesis may 
be written. 


xz’ +Ar 
[ f(a, + Ad) da 
and it is readily seen that a constant 5, can be so chosen that when | Am] < 6, 


this integral is in absolute value less than ge. If we denote the smaller of 
the two constants 4,, 5, by 5, it follows that when | Az|< 5,|AA| <6 


ee 
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F(a’ + Av, Xo + Ad) — FX f,¥\1<@ 

and thus the continuity of F’ at the point (.c’, X’) is established. The proof just 
given establishes also the 

Corottary. The derivative with regard to X% of F may be found 
by differentiating under the integral sign. 

Tueorem V. Jf we develop by Taylor's Theorem about a point X» of 
A a function f(x, r) which is continuous m (4, X) and analytic in X 
throughout (VY, A), and if we denote hy Noa ecirele, tnelusive of its cir- 
cHimnfEerence, which lies wholly tn A and whose centre is at Xo, then the co- 
efficients of this development are functions of « which are continuous in X, 
and the development CONTETYOS uniformly tu (a, Xd) throughout the region 
fa A’) where a is any closed sub-region of . ¢ 

Let the development here referred to be 


(1) Se, ®) = fie) + filer) A— Ao) + Fe) (A — Ao)? + 


That the coeflicients are continuous functions of 7 is an immediate conse- 
quence of the corollary to Theorem I, since f,() differs only by a constant 
factor from the value of ¢"f CA" at the point Ay. 

In order to establish the uniform convergence of (1) we proceed as 
follows.* Let p be the radius of A’. With A, as centre construct a second 
circle whose circumference lies wholly in A but whose radius 7 is greater than 
p. The points on the circumference of this circle form a closed region which 
we will call 7. Let 1 be the maximum of /(7, 2) in the closed region 
(X', 7). Then by a well-known theorem on power-series (Cf. Forsyth, 
Theory of Functions, 2nd Ed. p. 54) 


M2 lf.(a) ir. 


Consequently throughout (.V', A’) the terms of (1) do not exceed in absolute 
ralue the corresponding terms of the series 


2 
M+mMea iu (*) ee 
r r 


Since this is a convergent series of positive constant terms, the uniform con- 
vergence of (1) in (.Y’, A’) is established. 


* For a more general formulation of this part of the theorem Cf. the Lemma on page 
40 of my Introduction to the Study of Integral Equations. 


Cambridge Tracts in Mathe- 
matics and Mathematical Physics, No. 10. 
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We have at the same time established the 


Corottary. Not only (1) but also the series 


Lfo(r)| + Lfi(%)||%— Aol + fale) | |A—Agl|? + --- 

is uniformly convergent in (x,) throughout the region (X"', A’). 

Tueorem VI. Jf f(x, 2X) ts continuous in (x, 2) and analytic in X 
throughout the region (.X, A) and possesses a derivative of/dx continuous in 
(x, X) throughout this region, and if we develop f(x, ) by Taylor's The- 
orem about a point rs» of A, the coefficients of this series have derivatives 
continuous throughout X, and, if we differentiate the series term by term with 
regard to x, we obtain the Taylor's development of of/dx about the point r».* 

If we write the Taylor’s Series, as above, in the form (1), we have by a 
well-known formula of Cauchy 


Lf f(x, 8) 
Ai(®) = om | a — Nett dt 


where the integral may be extended in the positive direction about a circum- 
ference C lying in Aand having A, ascentre. We form the difference-quotient 





ff8 + 0 = fAD ., 1 [FEL BnO-f9 
Ax ~ Qat Ax (€— Ay) * FP 
A reference to Lemma 2 shows that, as Ax approaches zero, the integrand 
converges uniformly in ¢ for all points on C to the limit 


of(x, t) 1 
Ox (t— Ny)" th 





Consequently f,() has a derivative given by the formula 


1 [%S t) dt 


Om == (€ — Ay)" +" 








fn(*) = Qari 


This is, however, precisely the formula for the coefficient of (A — A)" in the 
Taylor's development of éf(.7, )/éx about the point A». Consequently that 
part of our theorem which says that this last development may be obtained by 
differentiating the series (1) term by term with regard to x is established. 
The fect that f/,(2) is continuous throughout VY now follows at once by a ref- 





* That @f(z,d)/er is analytic in \ and therefore admits of a Taylor's development, we 
see from Theorem III. 
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erence to Theorem V, since that theorem may be applied to the develop- 
ment of ¢f(.", X) Cx. 

THeoreM VII. Jf are denote by A a circle, exclusive of its circumference, 
whose centre is X) and whose radius is R, and if the functions fy("), A()y ces 
are continuous in N and a constant M exists such that throughout X 

fC") Pen < M (nm = 0, l, a cee), 
then throughout the region (NX, A) the series 
(1) So(r) +fi(2) (A — Ao) +.Aa(7) (A — Ae)?F Hee 
represents a function continuous in (.r, d) and analytic in X. 

For let A’ be a circle, ‘nelusive of its circumference, with centre at A, and 
radius r < /2. For all points of A’ we have 


ab 
. ™ n< , r Re J ’ 
T,(2) r Xo — Jnl ) J , (n) 


Consequently, for all such points, the terms of (1) are in absolute value less 
than the corresponding terms of the series 


, r 2 
J a a J oak 
wt yt 1 (i) : 


and, since this is a convergent series of positive constant terms, it follows 
that (1) is uniformly convergent in (7, A) throughout the region (LY, A’). Ac- 
cordingly (1) represents a function of (.r, X) continuous throughout this region, 
and consequently, since A’can be made to include any arbitrarily chosen point 
of A, the function represented by (1) is continuous in (xz, X) throughout 
(.Y, A). That it is analytic in A throughout this region is obvious from the 
fact that (1) isa power-series in AX — Ap. 

The above theorem remains true if by A is understood the same circle 
as above including its circumference, and the condition referring to the ine- 
quality in Theorem VII is replaced by the condition that the series 


Si(@) | + |) Ale) |R+ | f(r) +... 


be uniformly convergent in Y. Here series (1) can be seen to be uniformly 
convergent in (.Y, A). This modification of Theorem VII is less general 
than that theorem except in the one particular that the circumference of A is 
included. 


Municu, GERMANY 
Marcu, 1910. 

















SOME THEOREMS CONCERNING SYSTEMS OF LINEAR 
PARTIAL DIFFERENTIAL EXPRESSIONS 


By W. J. Berry 


THE investigations which led to the preparation of this paper, under- 
taken somewhat over a year ago at the suggestion of Professor Maxime 
Bocher, were carried on, in part, under his direction, and the writer wishes 
to express his appreciation of the many illuminating criticisms received from 
him during the course of the work. Thanks are also due to Dr. Frank Irwin 
for permission to make use of his paper on Invariants of Linear Differential 
Expressions*, and for his kindness in reading and commenting upon the man- 
uscript. Professor Elijah Swift has put the writer under obligations by help- 
ful suggestions as to the form of presentation. The results obtained are in 
the nature of generalizations of theorems derived by Dr. Irwin in the paper 
referred to, and though the discussion is here limited to systems of linear 
partial differential expressions of the second order, the extension to systems 
of expressions of any order is immediate. The properties considered are five 
in number :—the existence of a system of multipliers; the existence of an 
adjoint, including the condition that a given system be self-adjoint; the ex- 
istence of a Lagrange Identity ; the existence of a Green’s Theorem; and the 
existence of invariants. 

The general system, Z, of n second order linear partial differential ex- 
pressions in x dependent and p independent variables may be written 


L(t, +++ 5%) = 


n 

“~ Hi.) S., 
ls i + des 
Op Oe _ 
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That the functions occurring in the course of the discussion may have all the 
necessary continuity, we shall demand : 

1-) that in some p- dimensional region 2 of the space /?, defined by 
the independent variables, all the coeflicients with double subscripts shall be 
continuous, with continuous partial derivatives of the first two orders with 


j 





* Proc. Am. Acad. of Arts and Sciences, vol. 44, no. 1, Nov. 1908. (27) 
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respect to each of their arguments, and with continuous second order cross 
derivatives of all possible types ; 

2-) that all the coefficients with a single subscript shall be continuous 
in Q, and shall there have continuous partial derivatives of the first order 
with respect to each of their arguments ; 

3-) that all coeflicients without subscripts shall be continuous in 2. 

We shall further agree that hereafter throughout this paper, /{-)) shall 
equal /‘/)) identically. 

Definition. <A set, v, of functions r(7,,---,7,), (= 1,-°°5%, 
is said to form a system of multipliers for the system Z, if 


n 


nL; 


where 


Concerning these coefficients we shall demand that they be functions of 
#1, +++ 4 2%, continuous in Q, and having there continuous partial derivatives 
of the first order with respect to cach of their arguments. 

The system ZL may also be written 


L; (14, ao Ds U,) = his (u,), 


jzl 


where 
Pp Pp ~?2 
cru. 
Lie; = Lep ae _ 
= >» F OL, OL, 
Exit ral 


The £,; are, then, linear partial differential expressions of the second 
order in one dependent and p independent variables,—that is to say, expres- 
sions of precisely the sort treated by Dr. Irwin in his paper. If the system v 
is to form a set of multipliers for the system Z, it is necessary that 


i Nu Nn p ¥ 
~~ > al “~~ HS). 
> vj L, = > v; L; j = ) co 

’ Ly 


i=l é=1 j=l E=1 


Since this is an identity, the terms in u; on the left must be identically 
equal to those on the right, hence 
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: P OS). 
> vy, Lii(y) = 3 Ox,’ 
‘= 1 k=1 
where 
Pp A 
—~ gi: j) ou; j + sui), 
=2" en, , 


Equating coefficients from the two sides of this identity leads to the fol- 
lowing equivalent set of necessary conditions forthe existence of the system v: 


2 5 v, oe? = ~~ + sy, 


é=i 
n p (7.9) 
Os j 
nile? = SE + st 
i ‘k ox, ’ 
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} ed ee = 
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E=xi 
, : ‘ : ; 0? : 
Operating on each identity of the first type with_—— ; on each iden- 
: 62,02, 
Va tity of the second type with — a, On each identity of the third type with 


k 
1, and adding all the resulting expressions for which / has a common value, 


gives the system of identities 
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jJ=l,e++ nm. 
The expressions at the left form a system, M, of second order linear 

partial differential expressions 
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where V/; ; (v;) is the adjoint of Z; ;(u;) under the detinition laid down by 
Dr. Irwin.* 

Definition. The system of second order linear partial differential ex- 
pressions M is said to be the adjoint system of the system L. 

It is necessary, then, in order that the system + form a system of multi- 
pliers for the system Z, that it be a set of solutions of the system of differ- 
ential equations 

BM, (ty, + + + 5 Un) @Y, ; os og 

This necessary condition is also suflicient, for if we have given the v; as 
solutions of this system of ditferential equations, and choose certain of the co- 
efficients s“/) at will, say those for which /->rt, then it will be possible to de- 
termine all the other coetlicients so as to satisfy all the necessary conditions 
of the first two types. 

It follows that 


os thi 
Cu 


a9 Pp 4 P 
’ 


u Pp P 2 n 
. a. i. ee <> Hy . = 
7 


ao CO. CL, a mr k 
7 2 &@=13 r=1 = k=1 


i=1,.-.- ve 


and the necessary conditions of the third type are automatically satistied. We 
are thus led to 

Theorem 1. A necessary and sutlicient condition that the system of 
functions 7 form a set of multipliers for the system of second order linear 
partial differential expressions L, is that it be a set of solutions of the system 
of second order linear partial differential evuations 


M,; = 0, : hie see, tt, 


in which the left-hand members are the expressions of the system .V/, adjoint 
to L. 

The idea of ‘‘multiplier”, as here defined, represents the extension to 
systems of second order linear partial differential express‘ons of analogous 
concepts introduced by Jacobi in connection with systems of first order linear 
homogeneous ordinary differential eqguationst. 


* Loc. cit., page &. 

+ This is, of course, not the only choice possible, but it agrees with that made by Dr. 
Irwin in the simpler case; loc. cit., page 9. 

$+ Encyklopadie der Math. Wiss., Bd. Il, A 4 b, § 12. 
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The adjoint system, consisting, like the original system, of second order 
linear partial differential expressions, may be written with its own coefficients, 


2 n Pp n 
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these coeflicients being connected with those of Z by the relations 
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This same symmetry shows that the adjoint relation is mutual,—that is to 
say, if the system .V is adjoint to LZ, LZ is also adjoint to MV. 

Definition. By a self-adjoint system we shall agree to mean one such 
that when its adjoint has been formed the coefficients will be found to be 
identical with those of the original system. 

The truth of the following theorem is at once evident. 

Theorem 2. Necessary and sufficient conditions that a system Z of sec- 
ond order linear partial differential expressions be self-adjoint are : 

1) (%) =10.9, whatever the lower indices ; 
A Ps 
2) Ue Y* Ae, i.jwl,---,83; Bol,--+,p. 
kad «OD 


r=1 
For the special case in which the coeflicients of 1 are constants, this sec- 
4 ond condition becomes /,{"”) = 0, 
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n 


Ns {Li ( - ty Un) = uj, Mir, aii 
Fm | 


ry Lji(u) - u; M,; ;( v;) - 


Since L;,;(4;) and M; \(v;) are adjoint expressions they satisfy the rela- 
tion 


vi Lj il uj) -— M; j(";) = - a) -_ c, st ty Ty 


where the /?,"’) are bilinear in u; and 7; and their partial derivatives of the 
first order.* Hence 


Nw fel — U; M; } 

font ) 

where the 2, are bilinear in all the u; and ; and their partial derivatives of 
the first order. 


Definition. A relation of the form 


’ 


a 2, 
Aare 


. - + ae ite ! —-N 
‘ven as 2 


i 1 t= 


in which Z and WM are adjoint systems and the functions /?, are bilinear in 
the u; and v; and their partial derivatives of the first order, is said to be 
Lagrange’s Identity for the systems u and +r. 

It will be noted that Lagrange’s Identity furnishes a new and simple 
proof for the second part of Theorem 1, for if the system r is a set of solu- 
tions of M;(v,,---,%,)=0, ¢=1,---,n, then 

M(t, +-+,%,) =0, and z= 


where the /?, satisfy all the conditions imposed on the S, of the earlierr poofs. 
Therefore 7 is a system of multipliers for LZ, and, from the symmetry of La- 
grange’s Identity, u is a system of multipliers for 





* See Irwin loc. cit., page 10. 
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Theorem 3. If between two systems, Z and WN, each consisting of n 
second order linear partial differential expressions in n dependent and p in- 
dependent variables, there exists a relation of the form of Lagrange’s Identity, 
Land N are adjoint systems. 

For, let M be the system adjoint to Z, then 


= P 
“4 UL, (Uyy + + +5 Uy) — UM, + + +, Uy) “| » é 
a » 


By hypothesis 
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pa u;(N; _ M;) = —— ~ Odp * oz, (i, — T;.). 


The system u is accordingly a system of multipliers for (WV — M). If M be 


i the adjoint system to (.V— ™), u is a set of solutions for M. But the wu; are 
i entirely arbitrary ; hence Yt; = 0, and consequently 
N; —_ M; = 0, i= 1, cee yn, 


which proves the theorem. 


Definition. The expression obtained by integrating Lagrange’s Identity, 
. I - Lo) 5 { a) . 


// f S (7,1, — u,M;) dx, +--+ dz, 
a le 


is defined as a Green’s Theorem for the system ZL, S being the (p — 1)-way 
spread which is the boundary of the region Q. 

If the system Z is self-adjoint, the expression LZ; ; (u;) is eeangeent. 
Such an expression satisfies a three term form of Lagrange’s Identity : 
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* See Irwin, loc. cit., page 11. 
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where 


ame 
r=1 


Pp 

= 

%\ i - 
end 

r= 


_ 
Dye; ar 
i r= 
Thus we have 
Theorem 4. If L bea self-adjoint system of second order linear partial 


differential expressions, there is a three term form of Lagrange’s Identity : 
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where 


the integration of which leads to a corresponding three term form of Green's 


Theorem. 
Consider the transformation, 7’, defined by 


n 
U; = Ss Vis Nes Vin ° ° $ J — l, . 
et 


sal 


where the ¥;, are functions of 7,, +--+ ,,, which, together with all their par- 
tial derivatives of the first two orders and all their cross derivatives of the 
second order, are continuous in the region 2. The functions », are to satisfy 
all the conditions imposed on the u;. By this transformation the system ZL is 
carried over into the system A: 
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The formulae for the new coefticients are* 
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tas l, ++ +, ®. 
Definition. A set of functions, J, of the coefficients of a given system of 
differential expressions, Z, and their derivatives, shall be called a relatively 
invariant set of degree w, with respect to the transformation 7’), if every one 
of a similar set of functions, built up from the coefficients of the trans- 
form A and their derivatives, is expressible, by means of the above 
relations, as a linear combination of the functions of the original set, with co- 
eflicients of the form II vii, where 2a;; =. If the coefficients in the 
combination are all unity, T shall be called an absolutely invariant set. 
It will be found convenient to refer to the functions in Z as the elements 
of the set. 
If the transformation 7’ be applied to Lagrange’s Identity, the latter goes 
over into 
" n = 
Nw f vA; — 0; uN vv. mu, = ~ Ole 
ft | i BF Bee 
where the /?, are bilinear in the +; and »; and their partial derivatives of the 
first order. Hence A; and 


SoM, iw ih.- om, 
c= 
are adjoint systems. 
Theorem 5. If the dependent variables u;, j= 1--+-, 2, in the system 
of second order linear partial differential equations, LZ, be subjected to the 


transformation 7’, defined by the equations 


n 
“~ . 
u; = “XN Vi, 0("p ee % Ly) ss J = * e 8 ty r, 
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* Compare Irwin, loc. cit., page 18. 
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the expressions in Wi, the system adjoint to A, the transform of Z under the 
transformation 7’, are linear combinations of the expressions in M, the system 
adjoint to L, the coefticients of the combinations being the ¥;,,; — that is 


n 
M, = NYA, 
s1 

It is at once evident that the coetlicients of the system J/, adjoint to the 
given system L, are the elements of a relatively invariant set of degree one 
under the transformation 7’. 

Definition. Two configurations are said to be equivalent with respect 
to a given set of transformations, if there is one transformation of the set 
which carries the first configuration over into the second, and another which 
carries the second into the first. 

Definition. Given two configurations, C' and C", whose corresponding 
relatively invariant sets under a set of transformations 7’ are J and J’, then, if 
there be a set of functions ©, of the independent variables, such that when 
the elements of Z'are linear combinations of the elements of J with coefficients 
taken from ©, the configurations C' and C" are equivalent, the invariant set / 
is said to be complete. 

In the case of absolute invariants all the elements of © are unity. 

Let the configurations be the systems of second order linear partial differ- 
ential expressions 


Dy ulyy ++, Uy) 3 A; (my °° +s Mm) t= li---, mM, 
whose adjoint systems are, respectively, 
Mi (recs tr) s DE Cys 
Let © be composed of the functions 
O,; (250 ++ +9 Bp), tml, ---, 2. 


Now a known invariant set of degree one for either configuration 
under a transformation 7 of the form 


n 
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Mi ™ 2, Vij nj ; Via oo ae Yun | -- 0 , i. ec 8 ey n, 
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has for its elements the coefficients of the adjoint system. Suppose the coefli- 
cients of WY to be linear combinations of the corresponding coeflicients of M, 
the coefficients of the combination being taken from ® so that 
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and assume the @;, to have been so chosen as to satisfy the relation 
10,1, +++, On| #9. The transformation is then of the form 7’, and Z is 


——— 


carried over into A, whose adjoint is 


2. 
p> 6;; M; = W;, s&s l, re | 
j= 


But A and A, having the same adjoint, are identical, hence there is one trans- 
formation of the form 7' which carries Z into A. The inverse transformation 
exists and is also of the form 7. In a similar fashion it may be proved to 
carry A into Z. Hence: 

Theorem 6. The coefficients of a system of second order linear partial 
differential expressions .V, adjoint to a given system L, are the elements of 
a relatively invariant set of degree one under any transformation of the form oe 
T, and this relatively invariant set is complete. \ 

Definition. By the partial weight of any coefficient of the system Z } 
with respect to any one of the independent variables, shall be meant the 
number of lower indices which refer to that variable. The y;,; shall all be of 
weight zero with respect to each, that is every one, of the independent 
variables. To find the partial weight of a partial derivative of one of the 
above functions with respect to any one of the independent variables, diminish i 
the partial weight of the function itself with respect to the variable in 
question by the number of times it has been differentiated with respect to that 
variable. The total weight of any of the above functions shall be the sum 
of its partial weights. The weight (total or partial) of a product shall be 
equal to the sum of the weights (total or partial) of its factors. A poly- 
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nomial is isobaric, totally or partially, if all of its terms are of the same total af 
or partial weight. 


With this convention as to weights, an obvious extension of the 
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methods employed by Dr. Irwin* to establish his propositions 5 and 12 
leads to the following theorems. 

Theorem 7. An clement of an invariant set may or may not be isobaric ; 
but if it is not, it is merely the sum of elements which are. 

This theorem applies to the total weight or to any one of the partial 
weights. 

Theorem 8. Anelement of an invariant set of functions built up from 
the coetlicients of a system of second order linear partial differential expres- 
sions, adjoint toa given system Z, if not itself homogeneous in each and every 
coetlicient present and its derivatives, is merely the sum of elements which are. 

Theorem 9. An element of an invariant set of functions built up from 
the coctlicients of the adjoint system, if it is homogeneous of degrees v in some 


one coetlicient and its derivatives, and contains no other coeflicient, is essen- 


tially nothing but the vth power of the coefticient present. 
By means of theorems 7, 8 and 9 may be proved our final theorem. 


Theorem 10, Essentially the only relatively invariant set of degree one 
for the system Z under the transformation 7’, has for its elements the coefli- 
cients of the sVstem adjoint to L. 

Under the special transformation v; = W,y,, = 1, +++, n, the invariant 
set becomes a set of invariant functions* to which Irwin's theorems apply 
almost verbatim. 

In addition to the article in the Rucyh/lopilie, to which reference has 
already been made, special cases of certain theorems in this paper are devel- 
oped by Professor Max Mason in his article on “Green's Theorems and 
Green’s Functions for Certain Systems of Differential Equations”,t+ and by 
Jordan in his Cours d° Analyse (ed. 1887, tome 3, p. 142, § 115). 


3ROOKLYN, N. Y., 
May, 1910. 


* Loc. cit., p. 19, and pp. 25, 26. 
*See Irwin, loc. cit., p. 18. 
t Trans. Am. Math. Suc., vol. 5 (1904), p. 220. 








SOME CIRCLES ASSOCIATED WITH CONCYCLIC POINTS 
By J. L. Coo.impeGe 


Ir a system of any number of lines, n, be given in a plane, they may be 
associated with x circles or x points in a variety of ways. The first of these 
was discovered by Clifford, and gives rise to the following theorem : * 

Let n lines be given in a plane, no two of which are parallel. If n be 
even we may associate with them a point, and if n be odd a circle, in such a 
way that the point is common to the n circles each associated with a set of n — 1 
lines obtained hy omitting each of the given lines in turi; the circle contains the 
n points each associated with a set of n — 1 lines in the same way. 

A more remarkable theorem of the same sort was discovered in 1891 by 
Pesci; it may be stated as follows : t 

Let n lines be given in a plane, no two of which are parallel. We may 
associate with them a point and a circle in such a way that the point is com- 
mon to the n circles each associated with a set of n — 1 lines obtained by 
omitting each of the given lines in turn, while the circle contains the centres of 
these n circles. When n > 4 the point will not lie on the circle. 

In the special case, n = 4, the circles are those circumscribed to the four 
triangles formed by the four lines. These circles pass through the focus of 
the parabola which touches the four lines, and their centres lie on a circle 
through that focus. This theorem is due to Steiner.t 

There is one more theorem of this same sort which was given by Grace, 
and may be stated as follows: § 

Let n lines be given in a plane, no tivo of which are parallel, and n con- 
cyclic points, one on each of them. If nbeodd we may associate with them a 
point, and if n be even a circle, in such a way that the point is common to the 
n circles each associated with a set of n — 1 lines obtained by omitting each of 
the given lines in turn; the circle contains the n points each associated with a set 


of x — 1 lines in the same way. 


*A synthetic Proof of Miquel’s Theorem, Oxford, Cambridge and Dublin Messenger of 
Mathematics, vol. 5, 1870, At least two subsequent writers seem to have rediscovered it. 

t Dei cercoli circonscritti ai triangoli formati din rette in un piano: Periodico di Mate- 
matica, vol. 5, 1891. 

¢t See his Collected Works, vol. 1, p. 223. 

§ Cireles, Spheres and Linear Complexes, Transactions of the Cambridge Philosophical 
Society, vol. 16, 1898. 
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When the circle of the n points reduces to a line, Grace’s theorem re- 
duces to Clifford’s. 

The first theorem which I wish to develop in the present paper is anal- 
ogous to both Pesci’s and Grace's, and may be stated as follows :* 

7 I) Given n points ona circle where n 24. We may associate with 

them a point and a circle in the following manner: 

a) the point is the centre of the circle ; 

b) the radius of the circle ts one half that of the given circle; 

c) the point lies on the n circles each associated with a system of n— 1 
concyclic points obtained by omitting each of the given points in turn; 

d) the circle contains the centres of these n circles, 

The method of proof is substantially that which is used to advantage for 
Clifford and Grace’s theorems, and depends upon the two following simple 
theorems : 

1) Ifa triangle be given, and a point be marked on each side, the 
three circles, each of which passes through a verter and the tivo marked 
points of the adjacent sides are concurrent.t 

We see, in fact, that each circle and the opposite side of the triangle con- 
stitute a cubic curve, and as these three cubics have eight common points, 
they have a ninth point in common also. The theorem is also easily proved 
by elementary geometry. If we invert this figure with regard to any conven- 
ient circle, we shall get 

2) Given a circular triangle formed hy three circles through a common 
point. Ifa point be marked on each side of the triangle, the three circles, 
each of which passes through a verter and the two marked points of the 
adjacent sides, are concurrent, 

Let us give one corollary to the last theorem which will be of use to us 
in the present paper, though not for our immediate purpose : 

3) Given four points upon a circle arranged in cyclic order, and four 
circles of arbitrary radius each connecting a successive parr of points. 


Then the remaining intersections of successive pairs of circles lie on 


another circle.t 


* Since the present article went to press I have found the analog of this theorem in three 
dimensions, though not in so many words in an article by Intrigila, ‘Sul tetr@dro.” Rend. 
Accad. Sci. di Napoli, vol. 22, 1883. It is the more remarkable that the present theorem should 
seem to be new. 

+ Miquel, Théortmes de Géometrie, Liourille’s Journal, vol. 3, 1838. 

; Miquel, “Théoréms de Géometrie,” Liouville’s Journal, vol. 9, 1844. 
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The four points shall be called P, P: P; P,, the circle upon which they 
lie c, while ¢; is the circle through P; and P;. The circles ¢; and ¢, shall in- 
tersect in P; and 1”. 

The circles ¢ cy, ¢4, are concurrent in 2. They form a circular triangle 
whose vertices are P, P; P,. The side ¢ contains also P,, the side cs, con- 
tains 73, and the side C,, contains /j. On the other hand P, P{ 7, lie upon 
cy and P; 13 P, lie upon ¢;. These intersect again in J?}; hence, by 2) P} 
lies on the circle through P{, P| 73. 

We may now proceed to prove our Theorem I: 

When n = 2 we shall associate with the given points the point mid way 
between them. When n = 3 we shall associate with the given points their 
nine-point circle and its centre. Notice that this circle passes through the 
three points associated with each pair of the given points. We may, without 
restriction, assume that the radius of the circumscribed circle is equal to 2. 
When n = 4 we have a well-known theorem whereby the nine-point circles of 
the four triangles formed by four concyclic points are concurrent.* 

We see, in fact, that all conics of the pencil through the vertices and 
ortho-centre of a triangle must be rectangular hyperbolas, for the involution 
which they determine on the line at infinity has three mutually perpendicular 
directions. The locus of the centres of these conics is a conic through the 
double points of this involution, which are the circular points at infinity, and 
the vertices of the common self-conjugate triangle, which are the feet of the 
altitudes. In other words, the nine-point circle is the locus of the centres of 
all conics through the three vertices of a triangle and the ortho-centre, and 
if four points be given, which are not the vertices and ortho-centre of a tri- 
angle, the nine-point circles of their four triangles are concurrent in the 
centre of the rectangular hyperbola through the four points. When, further, 
the points are concyclic, their four nine-point circles have all the same radius, 
and so their centres lie ona circle of equal radius around the point of con- 
currence as centre. Our theorem is thus established in the case n = 4- 

Let us pass on to the case n= 5. Here we shall have five concyclic 
points P?, Py Ps Py Ps. 

The circle associated with P; P,P; P, shall be called ¢;, its centre Cj. 
The nine-point circle of P,P, P,, shall be ¢,, its centre Cj;. The middle 
point of 7, P,, shall be P;,. It appears then that Pj. Pin Pia Pu; lie 


*Perhaps the first proof of this was given by Greiner: Ueber das Kreisviereck, Grun- 
erts Archiv der Math. und Phys., vol. 60, 1877. 
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upon a circle of radius 1 whose centre lies half-way from /?,, to the centre of 
the cireumseribed circle Q,. The points 2; .?;,/; are all at a distance 
unity from 7?,,..and so lie ona cirele of radius 1 through Y,,. This circle 
may, for the present be called ¢;,,. Consider, now, the three circles ¢; ¢; ¢,. 

e, contains Cj. Chis Cars 

c, contains C,;, Cig, Ojrt 

c, contains Cyn, Cris Cy: 


But C,,, Cy, Cy, are the vertices of a circular triangle, with the three 


following sides : 


ec, containing 

ce, containing 

¢c,,, containing Cy,, Chis 
and the three circles ¢;, ¢;¢, are concurrent in Y,,. Hence, by Theorem 2 
the three circles c;, ¢;, ¢ are concurrent, or all five circles c; pass through a 
point. But all have the radius 1. Hence their centres lie on a circle of ra- 
dius 1 about the point of concurrence as centre. 

We have thus proved our theorem forn = 4 andn= 5. But this very 
proof is independent of the number 5, and shows equally well that if the the- 
orem hold for n — 2 and n — 1 it holds for n also, the only modification being 
that ¢;,. has now a natural instead of an artificial significance, and Q,, is re- 
placed by /?;,,a detinite point in every case where n 26. Our theorem is 
thus proved in its entirety. 


We may easily obtain other systems of circles, similarly connected, by a 
dilatation away from the centre of the circumscribed circle with any chosen 
ratio. For instance if we dilate with the ratio 2, in the case where n = 4, we 
pass from the circle through the centres of four nine-point circles to that 
through four orthocentres, for the orthocentre is twice as far away from the 
centre of the circumscribed circle as is the centre of the nine-point circle. 


It is now time to redeem our pledge to make some use of Theorem 3. 
Suppose that we have four concyclic points /, 2, Ps; Py. They may be ar- 
ranged in three different cyclic orders. The circle through /; and /’; shall 
be called ¢;. The second intersection of ¢;; and ¢,, shall be Ps. We have 
twelve such points arranged as follows : 
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) ) > = v 
Piga2r P23) P2331, Pie lying on cs, 
> 2 2 +4 _/ 
Pros Pisses Pua Pua. lying on c, 
> > > 4 / 
f 13,349 I 34,429 P2215 f 21,13 lying on C4. 


Consider the sextic curve (¢,¢j) ¢y)- It passes through each ordinary 
intersection of the quartics (cj)3¢ 4) and (¢4¢,;), and has at each circular 
point at infinity a triple point, whereas each quartic has a double point there. 
We must then by Néther’s fundamental theorem have an identity of the sort 


(Ch C2 C34) = $3 (Cig Cag) + $4 (C14 €23) - 


The curves ¢; and ¢, must be conics and each must pass once through 
each circular point. Hence they are circles. 

Moreover ¢,; contains Py 93, 223,34, L441 242 and so must be identical 
with «3, and ¢, for a like reason is identical with cj. Hence finally, the 
points common to cj and ¢, belong to c, also, that is to say: 

Il) Four concyclic points may be arranged in three different cyclic or- 
ders, each giving rise to a cyclic order among four out of six circles of arbi- 
trary size, which connect the given points in pairs. Successive circles in each 
cyclic order will intersect again in four concyclic points, and the three circles 
so determined are co-axial, 

It is natural to ask what analogues exist in three dimensions to the 
various theorems which we have here discussed. There are two rival claim- 
ants to the honor to be the three dimensional analogue of the nine-point circle, 
but neither seems to give rise to anything corresponding to Theorem 2. 
Theorem 1, on the other hand, may easily be generalized as follows :* 

4) Leta point be marked on each edge of a tetruedron, and let a sphere 
be passed through each vertex, and the marked points of the adjacent edges ; 
these four spheres will be concurrent, 

This theorem may be proved in much the same way as was 1. There is 
an analogue to 3) also which has not, so far as I know, ever been published. 

Ill) Given five points upon a sphere arranged in cyclic order. Through 
each set of three successive points a sphere of arbitrary size shall be passed, 
thus determining five other points, each the remaining intersection of three 
successive spheres. These five points also lie upon a sphere. 


*This theorem was first proved by Roberts : On certain Tetraedra specially related to four 
Spheres meeting ina point, Proceedings London Mathematical Society, vol. 11, 1880, It was 
given implicitly much earlier by Miquel: Memoire de Geometrie, Liouville’s Journal,vol. 11, 1845. 
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It is remarkable that whereas Theorem 3 comes immediately from The- 


orem 1 by an inversion, its analogue II] does not seem to bear any close rela- 


tion to 4. We tinda proof on ditferent lines as follows: The tive given points 
shall be P,, ?2, 23, Py. Ps, lying ons. The sphere through 77; 2); 7, shall 
be called s;,; the remaining intersection of 8).8),)8,; Shall be 2. Let us 
consider the following equation : 


e 


Apgar Sta3 + AaSstz S234 + As Sias8sas + Ay Soe 8an0 + As Saas Sore = O- 


The quantities A; being constants, we see that we have here a cyclid through 
all ten of our points P?; P;’. There is no linear dependence among the various 
terms, so that by varying the A;’s we have really a four parameter family of 
surfaces. They will intersects ina system of cyclics through five fixed points. 
Let us make use of two of our parameters to pass these curves through two 
other chosen points. We have still two free parameters, whereas the cyclics 
on any sphere through seven points contain an eighth point also, and form a 
one-parameter system, as we easily see by projecting them into cubics from 
one of their intersections. Henee, we may use our remaining parameters to 
make the cyclid inclule the sphere s entirely. The remainder of the cyelid 
will be a sphere through the five points 7’; 

There does not seem to be any simple three-dimensional analogue to IT. 


CaMBRIDGE, Mass., 
JANUARY, 1910. 













ON A METHOD FOR THE SUMMATION OF SERIES 


By Rutrnerrorp E. GLEASON 






Ir r is an integer and if for values of « greater than r, f(x) > 0, 
SI'(2) < 0, f"(r) > 0, and fS(x)dx is finite and determinate, then 

S* s(n) 
oe 


a=r 

















will be a convergent series of positive terms each less than the one before it. 


The graph of f(.), for values of . greater than r, will be a curve convex 
downward and having the axis of VY as an asymptote. If we erect ordinates ; 
corresponding tow=r,«=r+1,«2=r+4 2, ete., draw the chords of the 
ares into which they divide the graph and draw through their extremities \ 
lines parallel to the 2 axis as in the figure, we see that the sum of the rectan- 
gles is | 
x 
>» S(R)s | 
r+1 
fF the sum of the triangles is 4 f(r) ; and that the sum of the segments bounded 


by the chord and arc is less, usually very much less, than the sum of the tri- 
angles and therefore than $f(r). Let the sum of the segments which is a new 


; convergent series consisting of very much smaller terms than the original series 
: be e. Now the sum of the rectangles plus the sum of the triangles minus the j 

' sum of the segments is the area bounded by the curve, the ordinate corres- 
' “2 iF 
: ponding to x = rand the asymptote, @. e., [foe and we have | 
j r 


' a 


rn “2 f 

NV f(a) + 3 f(*) -—€ = [rea } 

or 
7 fora) ° 
(1) NS) = [rears f(r) +e=pt+e | 
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Call any term of ¢, ¢.e., any segment in the figure, /,(”) ; then 


























* Ain) = 3 Lv) + s(t) | - [ixyae 
si «= Sin). 
\ 
fo 
(r+1) 
ft firrz) frrs) 4 
r rtl r+2 +9 i 











If f,(.) satisfies the conditions we imposed upon /(2) we may treat the 
new series as we treated the original one: ; 
‘ . 
e= NSA (") = ixce +4 /(") + & =, + & and so on. 
——s r 


r 






We shall have the following formule : 





n+] 


, tr “ 
Tim (%) = ? = (n) + | (2 + 1) | a [fou (x)dr, (1) 


‘ 





Lh ‘as 
ta—1 = Sin 7 [yu orae + 4 fn (") + €m = Pm + €ms (IT) 


SH) => My + Em: (IIT) 


The new series =, by which we replace f(r) is easily seen to converge 
very rapidly. 

There now remains but to find methods for approximating to e¢,,. If the 
ratio of the segment to the triangle in the curve y = f,,(“) decreases as «x in- 
creases, a very excellent approximation is found in 
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ON A METHOD FOR THE SUMMATION OF SERIES 


fast?) < S Sassi) fe Pe av) 


The proof of IV is as follows: if the ratio of the segment to the triangle 
is decreasing, the ratio of the first segment to the first triangle is greater than 
the ratio of the sum of the segments to the sum of the triangles, 7. e., 


m+1(1) : 3[ fn(7) —Sn(? + 1)] > Em : 4 fn("). 
When IV fails, another and very useful formula, but not so accurate as 
the former, when that can be used, is always available : 


DH 
= Sour (n) < 3 fn(7) — Sin (? + 1)]}. (V) 


This is easily proved. —Continue the chord connecting the (n + 1)th and 
(n + 2)th ordinates, in the graph of f(x), to the left to the nth ordinate. 
The area included between this continuation of the chord, the xth ordinate and 
the chord above is 4[f,,(~) — 2f,(n +1) +f,(n + 2)], which is greater 
than the included segment. The sum from r to »~ of the areas thus 
formed is $[f,(7) —Sn(" + 1)])- 
As an example, the method will be applied to the summation of 
1 — : + : ~ . + etc. It is found convenient to drop the first term and 
« » 
combine the alternate positive and negative terms in pairs and reverse the 
signs, so that we may place 


D1 =(J-1) +) Ga) 


Let the summation be commenced with the sixth term of this series. 
We have 








a 1 1 
IM") = 4en—1 4241 
r 97 
[fcxae = } log - = .020845405 
| $7(6) = aie = .001739130 
, 46 0 
*. Myo = 6022584535 
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“x 
[fteyaz - - (- 25 log 23 + 27 log 25 + 2: — ,000076632 
- ’ 


“ 


b 
1 , 1/sl 1 l ‘+. 4 ae a an : 
sfi() =- (3- a5 a7 55) + ; (tog 23 — log 25 — log 27 + log 29 
. ay = .000094437 


= .000017805 


on 

IS 
te 
~1 
te 
~] 

Ts 
to 

_ 


We shall now find the limit of error in placing wy) + “, = AI n). 


6 
1 , i ig # 
> [Ae +f, (1 4+ *)| - [veya 


$ CAC") — ACG + +)] 





The ratio 





decreases as increases so that IV may be here applied. We find 
Fy(6) = 000000934 


Substituting this in IV we get 





Dn 
00000 0934 < N* f(r) < .00000 2131, 
— ‘ 
We also have ; : 
N* f(r) = .191921048 
2 





By = -022584555 
pw, = .000094437 
4 .2 14600020 


| 


Taking into account the limits established by IV, we find 


214609954 < SY f(y < 214602151 
- 1 


. ; l 1 1 7 
which subtracted from unity places the sum 1 — , + . — = + ete. ( = 3) 
” 0” ( : 


between .78539 7849 and .78559 9046. Although this is but a crude example, 
it is an illustration of how this method may be applied. It is seen that two 
terms of = uw, are here equivalent to hundreds in the original series. 


Turoop POLYTECHNIC INSTITUTE, 
PASADENA, CAL. 
JUNE, 1909. 





RATIONALITY GROUPS IN PRESCRIBED DOMAINS 
By S. EpsteEEN 


lL. Introduction. Just as the galoisian group of an algebraic equa- 
tion reflects the essential characteristics of the equation, so does the ration- 
ality group reflect the essential characteristics of a linear homogeneous 
differential equation. 

In studying an algebraic equation 


vn + ay reel tere t+ n= 0) 


by the Galois’ method, we first specify a domain of rationality, and a 


certain number of the 7! 


permutations of the roots «,, --- ”,, constitute the 
galoisian group of the equation. 

Domain of rationality. A domain of rationality is a set of numbers whose 
sum, difference, product, and quotient (exclusive of the zero divisor) always 
give a number of the set. Frequently, the domain of rational numbers, r, 
is taken. One also uses the domain ¢ = r[7], that is, the domain r with 
i= V—1 adjoined; this gives numbers of the form u + ir, wand denoting 
numbers of 7. Likewise, the domain of real numbers, /?, and the domain 
(= Ri), are used. In some instances, when one wishes to state a theorem 
for any arbitrary domain, the symbol J is convenient. 

Galois’ group. The group G of an equation in a given domain J is the 
totality of substitutions having the following double property : 

a) Every rational function of the roots, numerically unaltered by all 
the substitutions of the group, has its numerical value in J); and 

4h) Every rational function of the roots, having its numerical value in 
2D, is numerically unaltered by the substitutions of G. 

In studying a linear homogeneous differential equation 


d™—'y 


ggrct +7 + + Ay(2)-y =0 


7 dl") 
Kh(y) = ie + hy(x) 


by the Picard-Vessiot method, we first specify a derivative domain of ration- 


(49) 
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ality, and a certain sub-group of the general linear homogeneous group in x 


variables and 7? parameters 
~ 
Ly: 1;, = > iit (j=1--+-n) 
J2 


constitutes the rationality group of the equation. Here 4, +--+ y, denote a 
fundamental system of AY and ja; 4 0. 


Derivative domain of rationality, A derivative domain of rationality 


ix composed of one of the foregoing domains r, c, , C, and any arbitrary 
number of functions analytic in a specified region of the plane of the complex 
variable .. The operations of addition, subtraction, multiplication, division 
(exclusive of the divisor zero), and differentiation always reproduce clements 
of the domain. We denote by 2{.7) and Cf.) the domains /? and C’ with 
the independent variable  adjoined: * by /?{.. f(.7)] the domain /?[.°) with 
f(«) adjoined. In some instances, when one wishes to state a theorem for any 
arbitrary domain, the symbol J) .{ is convenient. 

A domain J)\.! being given, a number orafunction is said to be rational 
if it is in this domain, and ¢rrationa/ if it is not in this domain. 

Group of Rationality. By the rationality group G of a linear homo- 
geneous (differential equation of order n, inadomain /)}.r/, is meant the totality 
of linear homogeneous substitutions of non-vanishing determinant on a 
fundamental system of integrals ¥,, +--+ y,: 


a, 
Nj, = ai, Yiy (j = 1 oe e n) 


Jz 


which possess the property known as the Picard-Vessiot Double Theorem : 
A) Every rational differential function of 4,, -- + y,: 


i,” , ! 
I ‘2. Y\ oes Yns 4 see Tas see 
which is numerically invariant under the substitutions of G has its numerical 
value, r(7), in the domain J)\/ ; and inversely, 
* The necessity of explicitly adjoining the independent variable x was first pointed out by 


A. Loewy, Muthematische Annalen, vol. 59, p. 436. A domain may contain functions of z without 
containing z itself, as for example R[e7}. 


+ Schlesinger, Handbuch der Theorie der linearen Differentialgleichungen, I, 1, p.. 71. 








. 
q 
{ 


RATIONALITY GROUPS IN PRESCRIBED DOMAINS 





1911] 


B) Every rational differential function of y,, --- y,: 


F(a, 9+ ++ Yar Yoo s Yee e+?) 


which has a numerical value r(.r) in the domain D}x{ is invariant under the 
substitutions of (. 

The literature of the Picard-Vessiot Theory is now quite extensive, but 
any one familiar with the elements of the Galois’ Theory of Algebraic Equations 
and Lie’s Theory of Continuous Groups will find it easy to read the summaries 
in Picard’s Traité d@ Analyse, vol. 3, last chapter; Schlesinger’s //andbuch 
der Theorie der linearen Differentialgleichungen, 11, 1, pp. 1-125; and Klein’s 
Hlihere Geometrie, vol. 2, pp. 265-302. 

2. The Equations and Domains, In the Vorlesunyen iiber Hihere 
(reo, etrie, vol. 2, p. 300, Klein points out the desirability of giving exam- 
ples of differential equations with their rationality groups for specified domains 
of rationality. In the present paper this suggestion is carried out for the 
following equations and domains : 


I. Equation of the Second Order, with constant coefficients : 


ay dy 0 
-_ - Ty == 
dat sll dw + Gy F 


for the domains of rationality : 


a) R; h) Cs c) Rix): d) C(x]; e) Rix, e*]; 


J) Cla, e*7] = C[e, sin x]. 


II. Hypergeometric (Gauss’) equation : 


dy  [y—(a+B+1)r) dy aB y=0 
dx? x(1l — x) dx x(1— 2x) we 


for the domains R[x] and C[x]. 
III. Moduli of Periodicity of Elliptic Integrals of the First Kind: 


ay 1—2x dy 5 l 7 
dx? . a(l—w«) dx 4x(1 —2)° soe 


’ 


for the domains 7?[x] and C[2}. 
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IV. Legendre’s Polynomial of order /: 


dey 1—2x dy B(E + 1) 
de" #(l—x) dx «r(l—2z) 


y= (k= positive integer) ; 


domains 2i), Cle 


V. Bessel’s Equation : 


2, dy 2 
ay + l I -(1 - O)Y —(0: 
da? x da Sl in 
domains: @) Ror); 4) Cor): 


VI. Cauchy's Equation : 


dey wy dy 


da? 7 id dav 
domains: a) R; 4) Ci: c) Riv); Tx); e) Ofa, log x). 


The solution of I, 7, has been given, in the main, by Vessiot.t All the 
other examples I believe to be new. 

3. Algebraic Subgroups of /.,.. The equations investigated in 
this paper are all of the second order. Following the outline of Vessiott we 
write down the algebraic subgroups of the general linear homogeneous group 
L,, in 2 variables and 2? parameters,§ whose infinitesimal transformations are 

9 of 
L,: Ny WP» Yariv YoPr3 P= =) 
ON 
together with their differential invariants of first order. 
* Our results apply equally well to Cauchy's equation in the form 


” a) ’ (ty 
y+ y' + —— y=0. 
+ ae ss - @" 

+ E. Vessiot, Annales de U' Ecole Normale Supérieure, vol. 9 (1892), pp, 248-9, Vessiot 
found the group of the equation of order n with constant coefficients, but did not specify a 
domain of rationality. Applied to n = 2. his determination is thatof §5d; cases 1 and 3. 

> Vessiot, loc. cit., p. 249. F. Marotte, Comptes Rendus, vol. 124 (1897), pp. 608-610. 

§ Vessiot, loc. cit., p. 258. 
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GROUP DIFFERENTIAL INVARIANTS 
A. WP WP — Y2Prx Y2Pr AY2— Yil2 =A 
(special linear group) 
/ 
‘i 
B. YiPis Ni P2 J2P2 I 
' : ; A d (4: 
CU. MPa NPi + YrP2 2. , = — *\ — w 
nN fi de\y 
D. WDis Y2P2 nN : UE : 
Nos 
Bb. Of Py + OY2P2 i Ps yi a° 
nN Ki 
I NPi t+ Y2P2 Ss 2 Bway 


Yn Ye VAI 


G. Y\ P2 n ; A 


’ ’ a 
MH. ayy Py + bY 2 Ps A hh, 
A NN 
Since the listed invariants must be rational, the parameters a and 4 in # 
and // are necessarily integral numbers. 


4. The Resolvents.* For an equation of second order, 
. dey dy 
/ = - i x — To ( = 0, 
A(y) dg + BE ) Tg t RY 
the invariant A satisfies the resolvent 
Ry ° A’ + ky A = (0. 


It is best to replace the invariant y;/y, of the groups Bb, C, D, 
BE, Fy (G@), H by 


Ki_ nyt —y' ve Wi, : hi. 
nN 2 NY. — Ne NW 


* Vessiot, loc. cit , p. 217 calls this the transformed. I prefer the term resolvent by anal- 
ogy with the Galois’ Theory of Equations. 
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This function satisfies the resolvent Riceati equation 


Ry: w+ a+ 7=0, 


] 


i . Wa 
where T=h, - q*i-3 hy. 


The invariant + = 7/7, of the group F’ satisfies the resolvent 


me (Ye Geto 


From the latter it is easy to see that the invariant 


d Yo , 
we | ips =vVv 
dx 3 


of the group C’, satisfies the resolvent 


mts, * —wu'\ 2 
Re: (=) + G) +70. 

If A is the (rationality) group of the equation A(y) = 0 in a domain 
D\«', then by the Picard-Vessiot Double Theorem, A, the invariant of the 
group A, must have a rational value. Therefore the resolvent /?, has a ra- 
tional integral; and inversely. 

Similarly, if A(y) has for its rationality group either B, C, D, Ey F, 
(G@) or //, the resolvent 2» has a rational integral ; and inversely. Indeed, if 
the group of the equation is D or one of its subgroups, /?, has tro rational 
integrals, 


J 


1 
Uy = = 


= Wy = ao ky 4 
Ii 


Yo 2 


sh Y2 l 
and inversely. 

If (7) has C for its rationality group, then /?, has a rational integral ; 
and if it has F’ for its group, then /?, has a rational integral; and inversely. 

Our procedure will be: (1) to set up the resolvents for each equation 
I, If, WI, 1V, V, VI; (2) to determine which have or have not rational 
integrals (for the domains listed in §1), and thus: (3) the rationality groups 
of the equations for these domains. 

The notation that will be used is an obvious one, /?; denoting the 
resolvent /2, with the value of J taken from equation I, 7? the resolvent /?,, 
with the value of J taken from the equation III, and so forth. 
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5. Equation with Constant coefficients. For the equation I we 


a; 
have, J= a, — . and the resolvents become 


R',: A'+aA=0, 


Ry: w+ +(a, wi +) = 0, 
—w' ! —u'\ 2 a 
e , 1) _ 
Pi: =) + (=) + (w- 7) = 0), 
seg ’ __plly 2 ai 
P',: (=>) + ($7) ae («: — 7) = Q, 


(a) Let the domain of rationality be R, the totality of real numbers. 

Case 1. a, 4 0, 2>0. Since e~* is irrational (not in the domain 22), the 
resolvent /?', has an irrational integral A = e—“* ; this excludes the groups 
Aand (. We have for integrals of 72’, 


u= iv /, Us = — iV 1,* us; = — VT tan aVI. (2 si V-1), 


none of which is rational. Therefore the rationality group of the equation 
I cannot be B, C, D, E, F, (@), //, and must be the general linear 
homogeneous group ZL... 
Illustrative equation : 
d?y dy 
dav? s dx 
Case 2. a = 0, 7>0. Inthiscase R’, has a rational integral, A = 1, and the 
group of the equation is the special linear group A. 


aa ay = 0. 


Illustrative equation : 
dy 


dx? 


a ay = 0. 


Case 3. a, 40, 7=0. The resolvent 2, has a rational integral u, = 0, 
and the resolvant /?% has a rational integral w= 1. Therefore the 
rationality group of the equation is the group C. 


* Unlike the case in linear equations, ™ and uz must be regarded as distinct; and 





indeed, they lead to different integrals of I, 


— ar —ar 
2 ye - Uot 
ye e » vere e*. 
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Illustrative equation : 


d*y 


dx- 


Case 4. a,=0, 7=0. The group of the equation in the domain 7? is G. 
Illustrative equation : 
dey 


= 0. 
dy? 


The resolvent ?,; has two rational integrals, 


u=y- /, le = y¥ — f, 

The group of the equation must be J, 7 or //. One can exclude /’ by 
noting that #/ does not have an integral in the domain 22.) We could 
' , ' "3 , 
set up the resolvent for the invariant *; of // and tind under what con- 

A) 
ditions it has a rational integral. I have not completed this calculation on 
account of its extreme length; however, the result may be obtained in the 
following simple (though irregular) manner. The integrals of I are 


(- 3+ 7). 


n=e 


and it can be seen that 


ys 
ee — 
4% 


when a =k(a, — 2y —/),b=h(a, + 2V — 1), k denoting any number in 
the domain /?. Therefore, if A(a, — 2y — /) and A(a, + 2y — 7) are. in- 
tegers, the group of the equation is //, while if h(a, 2y — /) and 
h(a, + 2¥ — /) are not integers, the group of the equation is 2 

Illustrative equation ; 


dy dy } 
“+ 10 —~ + %y = 0, group witha =1, 4=%. 
dar dy © 


* Two integrals are of course, y= ev. y = ee”; and it is interesting to actually 


verify that the invariants of the other group ($34) are irrational: thus an invariant of F, 
y2/yi = +, is not in the domain R. 





























RATIONALITY GROUPS IN PRESCRIBED DOMAINS 





1911] 
Illustrative equation : 


d*y dy 
gt*a+9= 0, group D. 


Case 6. a =90, £<0. The resolvent /24 has the rational integral A = 1, 
and the resolvent /2; has two rational integrals 


m=V—-l, w=-V—T 


The greatest subgroup common to A and D, viz: 
Sb fa) ’ 


IT’: JiPi — Yr2P2 
is the group of the equation. //' is the group H, witha = —b= 1. 
: ' dy 
Illustrative equation : — —4y=0. 
dx* , 


b). Let the domain of rationality be C, the totality of complex numbers. 
In this domain we do not need to distinguish between J < 0 and J> 0, since 
in either event, ¥ + J is rational (lies in the domain C’). 
Case 1. a, 40, T=a,—aj/4 40. The resolvent Rj has two rational 
integrals 
u, = V—T, uy = — V-I. 


As in a), case 5, the group of the equation is H if &(a,— 2V¥ — TZ) and 

k(a, + 2V — J) are integers, and it is the group D if these numbers are not 

integers. The illustrative equations of a) case 5 can serve here also. 

Case 2. a,=0,7 40. <As in a), case 6, the group of the equation is 
IT’ = 4\P\ — YoPx Same illustrative equation as in a), case 6. 

Case 3. a, + 0,7=0. Theresolvents Rf and Fé have each one rational in- 
tegral, v, = 0, #, = 1; therefore the group of the equation is C. 
Illustrative equation : 


Py dy ' 

ee 9 ue 2iy = 0. 

dx? at + or = c 

Case 4. a,=0, 7T=0. Same as a), case 4. 

c) Let the domain of rationality be Rx], the totality of rational functions 
of x with real coefficients, 





SOT Sag es ne ree 


ee Lee 
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Case 1. a, = 0, 2>0. Same as a), ease I. 

Case 2. a,=0, 27>. Same as), case 2. 

Case 3.0 a, = 0, Fs 0. The resolvent 72) has two rational integrals, u, = 0, 
v, = 1 ein the domain /2[.c), and the resolvent 72; has a rational integral 
» = x; therefore the group of the equation is /’.* 

Case 4. «© =0,7=0. The resolvent 4 has a rational integral A= 1, 

{ j j ‘« ! ‘ 

the resolvent 22) has two rational integrals 7, = 0, v= 1 cand Ry has 
a rational integral v = 2: there is no subgroup common to A and / 
except the identical transformation. Therefore the group of the equa- 
tion is the Jdentity. 

Case 5. a, 20, 72< 0. Same as 7), case 5. 

Case 6. a, = 0, 2< 0. Same as 7), case 6. 


d) Let the lomain of rationality he (' | ; the totality of rational functions 


of pi with re al or comples Coe ied vis, 
Case 1. +0, 2 +0. Same as 4), case 1. 


Case 2. ¢ oO, J =O. Same as 4), ease 2? 


Case 3. +0, J=0. Same as ec) 


”» 
Case? oD. 


Case 4. a =0, 7J=0. Same as c), ease 4. 


e) Let the domain of rationality he R > Ae ap 
vent /?; has the rational integral A= e-"*, and the rationality group of 
the equation must be «f or one of the subgroups. 


Case 1. L>0. Since #,; does not have a rational integral, the group of 
the equation is ul. 


In this domain the resol- 


Illustrative equation : 


ay “ ay 


+ 2 + 4y = (), 
dx dr ty 


T=. The resolvent R;, has two rational integrals, u, = U0, 
=l/“ and the resolvent / has two rational 
= — l/z. 


integrals 1, =a, 
Phe only subgroup common to uf and F is the Jdentity, 
Which must be the group of the equation. 


ss = af . ° . 
*The resolvent PR; has a rational integral #=1, but this is also a consequence of 
the fact that # = dv/dz. 
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Illustrative equation : 


dy dy . 
pet wt — 
dx? + we * +o. 


Case 3. <0. The resolvent /?/ has one rational integral A = e~%*; 
] 1 


Rj, has two rational integrals v, = ro a e@v-l, v= a e—22) —7 

The group of the equation is the Zdentity. 

f) Let the domain of rationality be C(#, e?} = Cle, sin x]. In this 
domain the group of the equation with constant coefficients is the Jdentity. 
In domains larger than C'[.r, e*], as for instance C[x, e”, f(«)] the group of 
the equation J is always /dentity. 

In smaller domains, such as C[e”], /?[¢"], the domain of rational numbers, 
etc., certain slight modifications of the above investigation are needed, and are 
easily made. 

6. The Hypergeometric Equation. For the equation II we have 


L= hy ot hs 4, by A - 
2 2° ee’ (1-2) 
where 


h,=h,=—aB—ty(y-—a—-B-1), 


y*.Y 
hy=—(7) +3, 
prenfeetn ly, tetetet, 


The principal resolvents from which the rationality groups will be 
deduced are: 





| it a = oe 
Ri: ire 2 + pe + qa = 9 
mes (Ge): Gr): : : 7 = 7 vee — 
“vs wy 4 ( ar) . : " . “ a* — =. 


Se pe eng ET 


OEE OE Ss Soe tee ee 
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The relations between the solutions of 2%, RG, Wf are useful : 





w= e—Sfudz ?o = | wider. 


We must find under what conditions the resolvents have rational integrals. 
a) | will have its integral 
eer ee a ee 
(l—azp-rF 
A -— 
at 
rational, if the exponents y — (a + 8+ 1) and + are integers; hence it will 
be rational if 
a + 8= integer, and, y = integer. 
These integers may be positive or negative. 
b) It is known * that /?/;, has a rational integral 
ay ay q'( x) 


“= + 
x l—-@z q(x) 


provided that one of the four quantities 
a, B,y¥—a,7-8 
is a negative integer. Tere a, and a, have the values 


” Y 
ay = 1 »? 
y—a-—B 


» 


and g(.) isa polynomial (without multiple roots) of degree n, where n has 
one of the values 


—a,—B; —a+]1, —B+1; a-—y; B-y; a—-y+l, B-yH1. 
C) Since w =e /"4", we have 
_ (i -—2)* 


u 
et 7h 





*E. Beke, Die Irreducibilitat der homogenen linearen Differentialgleichungen, Mathema- 
tische Annalen, vol. 45 (1594), p. 287. 


Sce also Picard’s Traité d’ Analyse, 2nd edition, vol. 3, 
p 561. 


Since the part of Beke’s paper ($6) which bears directly on the present investigation is 
valid in the domains R{] and C{r], the results here deduced are valid in the same domains 





= 


‘ 


“SIFFS 
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inner paren a 
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and the integral w of /?@ will be rational if wu is a rational function and if 
2a, and 2a, are integers, that is, if 


¥ u=rat. f(x) and y= integer, a + 8 = integer. 


By comparing with (a) we are led to an interesting conclusion: if R4 ‘i 
} and /?7, have each a rational integral, then 27% has also a rational integral. i 
: ‘yr b4 *” i 
The group common to A, B and C being G, we see that: if 2? and R4 


have each a rational integral, the group of the equation will be G. } 


f) To determine whether #7 has a rational integral, we consider that 

a 

' 

v= ree, 

and 

: 1 — x)™ 
ee w= ( » ) ’ | 
; eg ? 


where a, and a, are known integers and g a known polynomial. Therefore, 
for any particular problem, the determination of w is a straightforward pro- 
cess Which can be completed in a finite number of steps. 

Let the domain of rationality be either R(x] or Cx]. h 


Case 1. The rationality group will be the general linear homogeneous group 





Ly if each of the following conditions is unfulfilled : 
z) a+ 8 = integer, y = integer: i 
y) a = negative integer ; 
x) B= negative integer ; } 
w) y —a = negative integer; 
v) y— B= negative integer. if 
Illustrative equation : 

dy 6 — 9x 3 

dat * Ie(Ql—z) ~ 2(1—@) 





SO 


y= 0. 





Case 2. The rationality group of the equation will be the special linear 
group if 
z) a+ f8= integer, y = integer, 


and if each of the other conditions of case 1, (y, 2, wv, v) is unfulfilled. 


ee 


ee eee tee 


ns ee 


we me 
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Illustrative equation : 


d?y , ] — oD.é° ; BS — 0. 
dv? “(ld w) bel - 





Case 3. If a is a negative integer, and if every other condition of case 1, 
(2, a.w, ”) is unfulfilled, 72 will have exactly one rational integral, and 


the group of the equa.ion will be 2B. 


Similar remarks apply to the possibilities shown in the following table ; 


ach of the equations has / for its group. 


NEGATIVE INTEGER UNFULFILLED ILLUSTRATIVE EQUATION 


LOy 
ax(l— x) 


1lOy 
(i — “) 


ay 
«w(l—2z) 
liz—8 a 
UE y = 
Sati — 2) * x(l — x) 
The first and second illustrations of this table are purposely taken alike, and 
similarly for the third and fourth. In the first and second we have 


y=?, a+8+1>- 1, aB=—10, 
whence, 


the first illustration : or 


the second illustration. 


Case 4. Let a = negative integer, 8 = negative integer (different from a), 
£ ¢ “ - j af Ty’ dit ‘an , ” . ; ¢ i ~ 
and y + integer, fy, has now two rational integrals, and the group of 
the equation is J. The same remarks apply to the possibilities shown in 
the following table : 
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NEG, INTEGERS 
DIY FERENT) 


NOT INTEGER 





ILLUSTRATIVE EQUATION 


d+ 8x 6 


»/l! a ee See 
~ # . ile 2x(1— x) y x(1— 2x) aie 
6 + 5x 5) 
a, —a B ff ee ae / a = ( 
. d 2x(1 — x) lied 2x(1—~«) inte 
3 — 5x ) 
. — 8 yf" Ss ' , = 
: * ° 7? 2u(1l — vr) died 2x(1— 2x) aes 
3 — du a 
ae a yl a — yy! a ee r) = ( 
B, Y a | + 2x(1 oe x) | + 20(1 Pate x) Y ) 
Cs 6 + da ‘ 5 
B, y—-B ° = 2x(1— x) J + 2-2) y=90 
8 oe ai m4 1—10x , 15 0 
— _ sand a+? neg. integer / ~ae GQ —_— ————_ = 
Y a, Y 3 oa = inter A 2.0 ( 1 =e x) V 4x(1 mee v) y 


We shall not stop here to enumerate the large additional number of 
special cases that may arise. By following out the method of this section, it 
is possible to determine the group of any other given hypergeometric equation 
in the domains 22[2] and C{x]. We give two important instances in §7 
and §8. 

In the event of /?/) having two rational integrals a special investigation 
is needed. Ordinarily, the group of the equation will be J, but if, in ad- 
dition, » = ¥2/y, is rational, the group of the equation is F’.. However, it 
may happen that the group of the equation is //. Let ¢= 7/¥? be the third 
invariant of //, then 


t' 3 oh ak hk 
; =a th — N = (My — bu, + > ae zs 
Yo Ny Zz ) 
and 
, S (an, — bu, 4 oi _ wea r 
=e . 


if now, this value lies in the domain of rationality, the group of the equation 
is /7. 

7. The Equation for the Moduli of Periodicity of the Elliptic 
Integrals of the First Kind. The equation IIL is a hypergeometric 
equation for which 


a= B= 


tom 


ae hs 


er ee er ee 


SS 


tee oe 


WSL. IPS 
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The only condition of §6, case 1, which is fultilled is 2. Therefore the 

resolvent /2' has a rational integral 
A= —— 
x(l 

and none of the other resolvents have rational integrals (indeed, the fact 22% 
does not have a rational integral is decisive, for it excludes groups B, C, D, 
E, F, G, 11). The rationality group of the equation IIL is 4 in the domains 
Rix} and Clr). 

8. Legendre’s Polynomial of order k. NumberIV is a hypergeo- 
metric equation for which 

az=k+1, B= - yo §. 

Here we have fulfilled the conditions 

z) a+ S8=integer, y = integer, 

rv) p= negative integer, 

w) y—a = negative integer. 
(z) shows that 7?) has a rational integral, while (2) and (w) show that /?) has 
two rational integrals. It follows (§6,¢) that 22?) has two rational integrals. 
The rationality group of the equation is therefore the sub-group common to 
A, D, C. that is, the [dentity. 

9. Bessel’s Equation. For the equation Vio we have 


Ry: sl 


r!! > 
=< 


iif : ] 


_on'y! 
=) ( 2? 
- rad / 
25" ) * ( 2 


/ 
; 
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The Integral of Rj. The resolvent #4 has for an integral 


wat, 


L 


The Integrals of ty. A solution of the resolvent 2; has x = 0 for a pole. 
If it has another pole, =a, one can see from the form of the resolvent 
that the coefficient of (2 —a)—' in u, must be unity. Therefore the solu- 
tion must be of the form 


h g' (x hy ‘(x 
7. ee rt. Fe (=) 
2 9) es 69) 
where the g’s are polynomials. 


By substituting in /?; we find, first of all, that A, and A, can have 
either of two values 


uit 


Aj=hy=hin, 
hi =hJ =} —n., 
The substitution of uv, and uw, in 72; gives us, for the determination of g 
xg" + (2ir + 14 2n) g' + (14+ 2n) 7 =0, 
ag" + (2ix + 1—2n) g' + 7(1—2n) 7 =0, 
xg" + (— 2ix + 14 2n) g’— (14+ 2n) g = 0, 
ag" + (— 2ix+ 1— 2n) g'— 1(1—2n) 7g =0. 
If p is the degree of g, the highest power of x in these equations 
gives us 
2ap + 1(1 + 2n) = 0, 
2ip + 7(1 — 2n) = 9, 
— 2ip —71(1 + 2n) = 0, 
— 2ip—2(1 — 2n) = 0. 
If g exists at all, p is an integer, and therefore 2n is an odd integer. 
The other powers of x in the equations for 7, equated to zero, will give 


us the coefficients of the polynomials, step by step. In this manner we 
reach the conclusion that the resolrent R}, has two rational integrals 


. ¢4+n— air) __s 3 +N  9y(x) | 
eS ae ae g(r) 





or 
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a(") 
Wye)? 


3(e ) 


i. i 
_——— 5 i a 
q3(") 


ui 1 


where the a’s ure determinable polynomials, if 2n is an odd integer. 
The Integrals of Re. Since w = e~*“"" (§4), u denoting a solution 
of Rj}, we have 
(cos 22 — 2d sin 2xr)r7' 22 
w= € s—- = ; 
gy y 


(cos 2x + tsin 24)r—'2 
UO, = : 
2 2 
provided that y exists: that is, provided 2x is an odd integer. In particular, 
if 2n = +1, it is easily veriiied that 


wy =- cos 27v — 27 sin 2x. 
w, = COs 24 + isin 2x 


are solutions of /?},. 
The integrals of Ry. We have ($4) r= / wile. Therefore, if 2n is 


o—] + 2n 
- J ee . ‘ 
an odd integer (i.e. if y exists), resolve into partial fractions. 
7 


cannot be expressed rationally in terms 


“—a x a 


‘cos 24 dx feos 2x dr 
Because 


of x and cos +, the resolvent Ry does not have an integral in the domains 


discussed in this section, Rix}, Clr], R[x, sin x], Cla, sin «1. 


However, if 2n = + 1 


“= Sx — i sin 22. 
y= 2x + i sin Sz, 


are solutions of /?;. 


a) Let the domain of rationality be ir). The resolvent J?{ is the only 
one which has a rational integral and therefore the group of the equation 
is A. 

Illustrative equation : 


! af 
" y i 
y"+ + (1 — a y= 9%, n = any real number, 








ne ROR HORDE 
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b) Let the domain of rationality be C[x). 
Case 1. 2n 4 odd integer. The only one of the resolvents which has a 


rational integral is /?!. Therefore the group of the equation is A. 


Illustrative equation : 
aw 4 
y'+ 2+ (1-S)y=0. 


Case 2. 2n = odd integer. The resolvent 24 has a rational integral and 
the required group is a sub-group of A. 
The resolvent /?; has two rational integrals and (by §§3 and 4) the re- 
quired group is a sub-group of D. Therefore the required group is the 
greatest sub-group common to A and JD, i. e., the group of the equation is 


Ai Pi — Y2 Pr 


This is the group // with a = —6 = 1. 
c) Let the domain of rationality be R(x, sin x]. The same discussion and 
result as in a) applies. 
d) Let the domain of rationality be C[x, sin x]. 


Case 1. 2x ¥ odd integer. In this case /2{ is the only resolvent having a 
rational integral, and the group of the equation is A. 


Illustrative equation : 
pat G= Lyne 
r ae 
Case 2. 2n = odd integer. 
Rj; has one rational integral, giving the group A; 
Rj; has two rational integrals, giving the group D; 


RR; has two rational integrals, giving the group C. 


The greatest sub-group common to A, C, D is the group of the equa- 
tion. This group is the J/dentity. 


Illustrative equation : 


7! 9 
y " + A + (1 -)= 0. 





eee 


or ae 
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10. Cauchy’s Equation. For the equation VI we have 


I da, — aj + 2a, 
ry 


and the corresponding resolvents are 


a 
A'+tA=0, 
x 


4a. — G, + 2a 
utr + — Macias. 
4u* 


Iv Jy 2 249 
RY: e& ) . (= ) ‘ da,—a+ 2a, | Q 
ay “ +») tiny , ») ° i -— 7 — : 
2u 2u 4° 


” a a —r"'\2 dag — aj + 2a, 
¥ : i — \. 
ity: ( 2" ” 2," * 4a? ' 


An integral of /?'/ is 


= UY 


Two integrals of /?7' are 
where 
. 1+ V(a,—1)* — 4a, 
sl ee meee —, 
Two integrals of /?/' are 


= Sr 
Two integrals of /?;/are 
yl — 27, yl—3aP, R 
A= Top,’ “-iT—oP,’ 


From these integrals we determine the group of Cauchy’s equation for 
each case that arises. 


* When P; = P; = 4, then v1) = rz = log z. 
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a—b) Let the domain of rationality be R or C. 


Case. 1 a, #0, 1, 40, P, 4 0. None of the resolvents have a rational 
integral and the group of the equation is L.». 


Illustrative equation : 
dy dy 1 
dc *cdx*t a Y=° 

Case 2. a, =0, 1, 40, P, 40. RY has a rational integral A= 1 and the 
group of the equation is A. 

Illustrative equation : 
dy 1 
dx? a x V = 0. 

Case 3. a, 4 0, 2, 40, Py =0. Ry has a rational integral uv, = 0 and 
Re has a rational integral u,= 1. Therefore the group of the equation 
is CU. 

Illustrative equation : 
dy 1dy 1 
s3t+-7 - py=°9. 
ade <2xd2 42°° 
It should be noted that if P?, = 0, then P,=1. Also, case 3 1s equivalent 
to the conditions 
ay — Q, P, => 0, P, = Q. 
Case 4. a,=0, Py 40, P» = 0. RY, Py and R/ have rational integrals. 
The sub-group common to A and C, viz: G, is the group of the equation. 
' , i 
Illustrative equation : q © 
oe 
Case 4 is equivalent to the conditions a, = 0, P, =0, P, 4 0. 
It is impossible for 7, and P, to vanish simultaneously so that no 
further cases can arise. 

C) Let the domain of rationality be R[x). 

Case 1. a, 4 integer, (a, — 1)? — 4a, <0. None of the resolvents have 
rational integrals and the group of the equation is Z,,. 

Illustrative equation : 
ay 1 dy l 


dx? 2x dx 
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Case 2. «= integer, (4, — 1)? — 4a, < 0. The group of the equation is A. 
Illustrative equation : 
2 ‘ » 

dy 3 dy S ut 

df «dz 2° 
Case 3. a, + integer, (a, — 1)?— 4a, = 0. Here /?j has a rational integral 
1 . 
Ix ’ 


RY has a rational integral w = -. The group of the equation is C. 


“= 


Illustrative equation : 
ay 5 dy 
dx? 2x dx 
Case 4. a, = integer, (a, —1)?— 4a,=0. The subgroup common to A 
and (, viz: G, is the group of the equation. We have to consider two 
subcases : | 
, = 
4,) a, = odd integer. u = - - = a . whence , = xa, and since 
l-q . - , , 
~—s integer, the finite equations of G, 
i m=%y h=tnt tr 
give the rationality group of the equation. 
Illustrative equation 
dy 3s dy 
dx? * x dz 
4,) a,=eveninteger. Since : 3 tin = —, we have y, = Vx°"4 power, 


In this case the rationality group is complex,* and its finite substitutions are 


+-—y= 0. 
42° 





Gi: n= Nis Re 
: M2 = l~ + Y23 M, = —li2 + Yr 
Illustrative equation : 


a? 4d 9 

98, § p28 

dx? xdx  4a*° 

Case 5. u, 4 integer, (4, — 1)? — 4a, > 0. Here u, and u, are both rational 
and the group of the equation is D or one of its subgroups. We have 
to consider two subcases. 





* Vessiot, loc. cit., p. 261, Remark I; also p. 271. 
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5,). 2P,and 2P, 4 integers. Since the integrals of RY and RF are both 
irrational, the group of the equation is D. 
Illustrative equation : 
dy 5 dy 1 
dz®  4u dx 82? 
52). 2P, and 2P, = integers 4 1". Since RY and Ry have rational inte- 
grals, the group of the equation is /’. 


y= 9. 


Illustrative equation : 


dy 5 dy ) 0 
dx? Idx loi’ ~~ 


It cannot happen that 2, = integer, 27, 4 integer; so this case need 
not be discussed. 
Case 6. a, = integer, (a, — 1)? — 4a, > 0. 
6) 2P, and 2P, # integers. This is 5,) with R'7 having a rational 
integral. The subgroup common to D and A, viz: 


H') AP: — Y2 P2 
is the group of the equation. 
Illustrative equation : 


dy idy 2 
Sat ea fhe 


6). 22, and 2P,= integers. The group of the equation is the /dentity. 


Illustrative equation : 
Py 5dy 3 


— = = 
dz? ‘ xdx- x*° 





d) Let the domain o7 rationality be C[x]. In this domain ¥ (a, — 1)? — 4a, 
is rational whether the quantity under the radical is positive or negative. 
Therefore c), case 1, becomes identical with c), case 5; and c), case 2, becomes 
identical with c), case 6. The discussion for the domain C[2] is thus the 
same as the discussion for the domain /?[2], cases 3, 4, 5, 6. 

e) Let the domain of rationality be Cx, log x]. 


Case 1. a, + integer, (a, — 1)? — 4a, 4 9. Same discussion as c), case 5. 
Case 2. a, = integer, (a, — 1)? — 4a, 4 0. Same discussion as c), case 6. 
1 s 1 





* 2P,; = 1 means (a; — 1)? — 4ay = 0; a case already discussed, 
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Case 3. a, + integer, (a4, — 1)? —4a,=0. The resolvent /?)) has one 
rational integral w= 1/(2x); the resolvent /?/) has one rational integral 
w, = 1/x, and the resolvent /?;) has one rational integral v, = log 2. 
The sub-group common to Bb, C, F, that is, /’, is the group of the equation. 


Illustrative equation : 


Py 5 dy v 


da? Pu dar sd L627 4 


= &, 


Case 4. a, = integer, («, — 1)? — 4a, = 0. The group of the equation being 
the sub-group common to .f and F’ has no infinitesimal transformation. 
4,. If a, = odd integer, the group of the equation is the /dentity. 
Same illustrative equation asc) case 4,° 
4,). If a, = even integer, the group of the equation is a finite one, composed 
of the two substitutions: Identity and 7,= —/,, n= Yo- 
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ENVELOPES OF ONE-PARAMETER FAMILIES 
OF PLANE CURVES 


By W. J. Ristey anp W. E. MacDonatp 


TABLE OF CONTENTS. 


Part I. Tue Expricit Case. 


“1. Definition of an Enrelope. p. 76. 

Let a one-psrameter family of plane curves be defined by y = f(z,a), where f(x, a) is 
analytic in z and a, and fa(7,a) # 0 in the neighborhood of (z», a)). If there exists a curve E, 
defined by z = ¢ (a), y=¥(a), where ¢(a) and y(a) are analytic and | ¢’ |+ |!’ | >in the 
neighborhood of a», and if, for an arbitrary value a’ of a in the neighborhood of ap, the curve 
y = f(x, a’) is tangent to £ ata’, then £ is an envelope of the curves of the family. 

2. Necessary Conditions. p., 76. ‘ 

The functions zr = ¢(a), y = ¥(a) must satisfy the equations y—Jf(z,a) = 0 and 


Sa(z, a) = 0. 


3. Sufficient Conditions for a Smooth Euvelope.  p. 77. 

If, in the region |z— zo |<h, |a—ay|<k, 1) f(z,a) is analytic; 2) fa(4, a) #03 
3) fa(%o, ao) = 0; 4) far(Fo, a) ~ 0; 5) fa,a(to, a) # 0; then the family of curves, y = f(z,a), 
has an envelope £, determined by the equations a) fa(r,a) = 0, hb) y— fiz,a) =0. 

4. The preceding conditions too restrictive. p. 79. 

5. Weierstrass’s Implicit Function Theorem. p. 80. 

Let F(z, y) be analytic in z and y at (7, yo), F( ve, vy) #0, and F(x, yy) = 0; then F(x, y) 
may be written F(z,y) = P(2, y). W(x, y), where P(x, y) = (y — yo)" + Ai(x)(y — yo)" 1 + 
.+» $A,(r7), Where A;(z) is analytic at zo, Where Ai(zo) = 0, where H(z, y) is analytic at (2. yo) 
and where (x0, yo) + 9. 

Reducibility Theorem, p. 81. 

A necessary and sufficient condition that P(z,y) = y" + Ai(x) ys +... + Ana), 
where A,(z) is analytic at z), and where A (2) = 0, be irreducible at (79, yo) is that, no matter 
how small a neighborhood of x) one consider, the Riemann surface for the function y of x, de- 
tined by P(r, y) = 0, spread out over this neighborhood, consist of a single piece. 

6. Applications of the last two Theorems. p 82. 

Fundamental Theorem. p. 86. 

Given a one-parameter family of curves y = f(r. a) where f(z,a)is a function, analytic at 
(70, a ), such that 


1) Sa,ri(ro.a) = 0. é=0,1,2,...,m—l, 
but Sa,vm(ro.a) #0, 

2) Sei(,a9) =O, jam t, 8,8, 005% 
but fanti(x, a9) #0; 
then if 


3) San + 1vm( T%, an) 4 0, 
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the curves y = f(x, a) have no envelope in the neighborhood of (xo, yo), except a point envelope 
which occurs wherever m 2 1; but if 
4) fan+1,.™(2o, ao) = O, 


the family y = f(t,a) has an envelope composed of one or more curves through the point (20,yo) 
also, whenever m = 1, a point envelope at that point. 
When m = 0, the notation i = 0,1, 2,. ..,m — 1 is meaningless and 1) must be replaced 
by fa(to, a) = 0. 
7. Examples. p. 86. 
Part II. THE IMPLICIT CASE. 


8. Statement of the Problem. p. 88. 

9. A Suficient Condition for an Envelope. p. 88. 

If F(x, y, a) is analytic at (xo, yo, ao), and if 

1) F(x, Yo. ae) = 0, 2) Fa Zo, Yo ao) =0Q, 
| OF OF 
DF Fe) | 0% OV) 2 Q at Yo. a 
3) Diz,y) ~ |\GFa GFa * (709 Yor ao), 
| or oy 
4) Fa,a( Xo, Yo, ay) - 0; 
then the curves F(r,y,a) = 0 have an envelope 7 = ¢(a),y = ¥(a), which consists, in the 
neighborhood of (2, ¥, a»), of a single analytic curve through this point. 

10. Conditions for Double Points. 

Theorem1. p.90. Necessary and sufticient conditions that the locus of Fiz,y) = 0, 
where F(z, ) is analytic at (z», y), consist, in the neighborhood of this point, of two analytic 
branches through (7, y») With distinct slopes at this point, are that, at (Zo, yo), 

1) F= 0, 2) F, = 0, 3) Fy = 0, 4) Fer Fyy — F*ry ~*~ ©. 

Corollary. p.92. If F(z,y) is real when + and ¥ are real, necessary and sufficient condi- 
tions that F(x, y) = 0 detine at (xo, y») two analytic curves with distinct slopes which are a) 
real, )) imaginary, are conditions 1), 2), 3) above, with 4) replaced by 

4a) Freer Fyy — Fry 0, 4b) Fru Fyy —_ F'ry > 0, 
respectively. 

Theorem Il. p. 92. Necessary and sufficient conditions that the locus of F(x, y) =0, 
where Fiz, y) is analytic at (7, yo), consist, in the neighborhood of this point, of two branches 
through (2, y») with coincident slopes at this point, are that, at (7», yo), 

1) F= 0, 2) Fr=0O, 3) Fy, = 0, 4) Fee Fyy — F'ry = 0, 
while 5) Fre, Fry, Fyy 
do not all vanish. ‘These branches may be connected or not. 

11. The Nodal Locus. 


Theorem I. p. 94. Necessary conditions that a given locus 7 = u(a), y = »(a), where 


| w'(a) | +] »'(a) | #0, be a nodal locus of the curves F(z, y,a) = 0; are that the relations 


1) FSO, 2) Fr=0, 3) Fy=09, 4) Fe=0, 
5) Fax #0 or Fay # 9, 6) Fre Fyy — F?ry 4 9 
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Fre Fry Fra 
Fyx Fyy Fya 
F ‘ax F ‘a y F. aa 





7) 


=0 





be satisfied along this locus. 

Theorem II. p. 9%. Sufficient conditions that the given locus « = u(a), y = v(a), where 

| w'(a) | + | »/(a) | #0, be a nodal locus of the curves F(z, y,a) = 0, are that the relations 

1) F=0, 2) Fe=O0, 3) Fy=0, 4) Fee Fyy— Fery 40 
be satisfied along this locus. 

Theorem ITI. p.- 95. If, at (Zo, Yo), 1) Fr = 0, 2) Fy = 0, 3) Frzr Fyy —= F*yy ~ 0, 
then 4) Fe(z, y,a) =0 and 5) Fy(x, y,a) =O define r = u(a), y = (a), where u(a), »(a) are 
analytic at ao. and where uiay) = 0, v(ay) = 0. 

If, furthermore, 6) F(u, v, a) = 0,7) Far(u, va) #0, or Fay(u, », a) F 0, then 

| wi(a) | + | (a) | #90, and z =u (a),y = v(a) define, in the neighborhood of (xo, yo, ao), a 
nodal locus of the curves F(.r. y, a) = 0. 

Theorem IV. p. 96. A necessary and sufficient condition that a given nodal locus 
r=p(a), y =v(a), where | w/(a) | + | (a) | #0, of the curves F(.r, y, a) = 0 be an en- 
velope of one of the branches at the node, is that Faa (u, v, a) = 0. 

12. Corollaryto Theorems I1- 1V. p. 97. Uf F(x, y, a) is real when x, y,a are real, theo- 
rems I — IV read for a) nodes, ») conjugate points, according as we replace the condition 
Frr Fyy —_ F?ypy Z~ 0 by a) Fre F yy — Fry < 0, b) Fre Fyy — Fry > 0, respectively. 

13. The Locus of Double Points with Coincident Tangents. 

Theorem I. p. 98. Necessary conditions that a given locus 1 = 4(a), y = »(a), where 
| (a) | +] (a) | # O, be a locus of double points with coincident tangents for the curves 
F(z, y, a) = 0, are that 1) F = 0, 2) Fry = 0,3) Fy = 0,4) Fa = 0,5) Pre : Fry : Fra = 
Fyr : Fyy : Fya = Fax : Fay : Faa, along this locus, while 6) Frx, Fry, Fyy, do not all vanish 
simultaneously at any point of the given locus. 

Theorem II. p. 99. Sutlicient conditions that a given locus r = x(a), y = v(a), where 
| w'(a) | + | »'(a) | #0, be a locus of double points with coincident tangents for the curves 
F(z, y, a) =0, are thatl) F = 0, 2) Fr = 0,3) Fy = 0, 4)F ex Fyy — F*ry = 0, along the locus, 
while 5) Fixx, Fry, Fyy do not all vanish simultaneously at any point of the given locus. 

Theorem III. p.99. A necessary and sufficient condition that a given locus of double 
points with coincident tangents, r = «(a), y= »(a), where |u'(a)| +| (a) | #0, of the 
curves F(.r, y, a) = 0, be an envelope of these curves is that Fau(4, ¥. a) = 0. 

14. Examples. p. 100. 
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THE purpose of this paper is to discuss the conditions under which a 
family of plane curves, dependent upon a single parameter, will possess an 
envelope. The discussion is exhaustive for the case that the equation of the 
curves of the family is given in the explicit form y = /(#, a), 7(~, @) being 
analytic inv, a. It may be noted at the outset that the whole treatment is 
applicable whether the variables are real or complex, unless otherwise speci- 
fieally stated. The first part of the paper deals with the equation in the 
solved form : 

y=/(2, @), 
and the second part with the equation in the unsolved form: 


F(x, y, a) = 9%. 


Part I. THe Expuicit Case. 


1. Definition of an Envelope. Let a one-parameter family of 
plane curves be defined by the equation : 


(1) Y =J(%, a); 


where /(., a) is an analytic function of the two independent variables « and 
a in the neighborhood of a point (.r), a9), i. e., for 


r—2| <h, |a—a,| <k; 
and where 


S.(2, a) #9 
in this neighborhood. 


If there exists a curve EZ, defined by the equations : 
(2) r= (a), y= (a), 


where $(a) and ¥(a) are analytic functions of a in the region |a—a,| < k’Sk, 
and where |¢'(a)| + |y'(a)| > 0* for a in the same region, and if, for an 
arbitrary value a’ of a in the neighborhood of ag, the curve y = f(2, a’) is 
tangent to the curve Fat the point a’, i. e., at the point «' = o(a’),y' =y(a’), 


then the curve £ is said to be an envelope of the curves of the family. 


2. Necessary Conditions. For any a=ua’' in the neighborhood 
considered, the point a’ of the envelope must be a point of the curve 





* This requirement excludes the so-called point-envelopes. 
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y =J(2, a’), and furthermore the slopes of these two curves at this point must 
be the same ; these facts lead to the two identities in a: 


(3) v(a) —f [¢(a), a] =0, 

(4) v'(a) — $'(a)f [$(a), a] = 0. 

From differentiation of (3) with respect to a there results the identity : 
(5) ¥'(a) — $'(a)f,[$(4), a] —f.[$(a), a] = 0, 

which, subtracted from (4), gives 

(6) J.($(a), a] = 9. 


The inference is, then, that if an envelope as defined above exists, the two 
functions « = $¢(a) and y = (a) must satisfy the equations : 


(v) y — f(x, a)= 0, 
(8) S.(4; a) = 0, 


which constitute, therefore, necessary conditions. 


3. Sufficient Conditions. A set of sufficient conditions may be stated 
and proved as follows : 


TuHEeorem. Jf 


1) f(#,a) «tw an analytic function of x and a in the region 


|ja—a%|<h, |a—a! <h; 


2a) Hier, @) # 0, 
in the same region; but 

2b) Sa(%, %) = 9; 

3) Sa, 2(Xo» 2) # 0: 

4) Fa, a(%o» @) + 9: 


then the one parameter family of curves defined by y = f(«, a) has an en- 
velope E which is determined by the two equations : 


a) S.(", a) = 90, 
b) y—f(x,a) = 0. 
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Proof. From the continuity of the functions, conditions 3) and 4) 
show that fo (e, a) 4 0and f, (4, a2) 4 0 throughout a certain neighbor- 
hood of (x, a) such as |x — 2%) < h' sh, |\a—a) <k’ Sk. Then by vir- 
tue of conditions 24) and 3), equation @) may be solved for x, by the ordi- 
nary Implicit Function Theorem,* giving x = (a), where @(a) is analytic 
in the region |a —a)| < hk” SK’ and reduces to x) for a =a. Substitution 
of w(a) for «in b) yields y= x(a), where x(a) is analytic in the same 
region and reduces to y for a = ap. 

These functions, 

r=ao(a), ¥=x(4), 


satisfy the two equations a) and 6) ; thus 


(9) f.[@(a),a]=90, x(a) —f[o(a), a] = 9, 


two identities in a for |a —a,| < fk”. Differentiating the first of these we 


find that 
(10) Ju, 2[@(a), a} w (a) + f,.[@(a), a} =0, 


from which, together with 4) and 4), it is clear that 


(11) : “s t x= (a). 


The slope of the curve x = w(a), y = x(a) at any point ais given by 
the relation : 
de w'(a) 
The slope of the curve of the family y = f(r, a), for this value of a and at 
any of its points, is determined by the equation: 


(13) oh = f.(aa). 

But the second identity of (9) yields on differentiation : 

(14) x (4) —f,[(a), a] w (a) —f,[w(a), a] = 0, 
which, with the first of identities (9), shows that 





* Osgood: Lehrhuch der Funktionentheorie, p. 48, vol. 1, and p. 345. The proof given 
for algebraic equations holds for the more general type here considered. 
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/ 
(15) a = f(x, a), = = wfe), 
thus proving the slopes identical at the arbitrary point « = w{a), y = x (a). 

Since, by (11), @'(a) #0, it follows that the condition | w'(a) |+|x/(a) |>0 
is satisfied and the curve above determined meets all the requirements of our 
definition of an envelope. 

4. Some Limitations of these Conditions. The conditions of the 
foregoing article are sufficient to give an envelope which, at and near a 
given point ao is composed of a single analytic branch. They are not neces- 
sary even for this restricted case, Let us consider two examples. 

Example 1. Does the family of curves 


- : . . 
CE? Sr er re ee 


y = (x-—a)? 


have an envelope which is smooth in and about the point a= a,= 0, x= 2) =0? 


— eget ee 


Here 


S.(2, @) =—2(x—- a) #9, f.(0, 0) =0; 
Jux(9, 0) =— 2 #0, Fa(0,0) = 2 #0. 


These being satisfied, it isassured that the curves in question have an envelope 
smooth at the point 7) = 0, ag = 0, and that this envelope is obtained by 
solving the equations : th 


; a) J.(@, a) = —2(x-a) =0, 
: b) y —f (2, @) =y — (wa)? =0, 


for « and y in terms of a. The solution is immediate and the envelope of 
the system is 





y= 0, (x = a). 
Example 2. Does the family of curves 


Y= (x —a)? 


have an envelope which is smooth in and about the point a= a,= 0, 
= #9 = 0? Conditions 1) and 2) are fulfilled just as before but 3) and 4) 
are violated, for 





Ja.a(%e, ay) =—_ 6 (2 —_ ay) — 0, Se (0 ay) = 6 (Xp — ay) => QO. 
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Geometrically it is evident that this family of curves also has an envelope which 
is quite as smooth as that of the curves of Example 1, being, indeed, identi- 
cal with it. In fact, the family 


y=(e-—a)", n=, 4, - 


has y = 0 as an envelope though conditions 3) and 4) both fail. 

Since some of the hypotheses of the theorem fail in cases where envelopes 
are known to exist, it is clear that the theorem contains hypotheses that are 
unnecessarily restrictive. 

5. Weierstrass’s Theorem on Implicit Functions. The narrow- 
ness of the theorem of §3 arises from the weakness of the Implicit Function 
Theorem employed for the solution of the equation f,(, a) = 0. This theo- 
rem gives conditions sutlicient, but so restrictive as to leave untouched a 
number of cases which it is essential to be able to treat. As a means of hand- 
ling these cases use is made of the Implicit Function Theorem of Weierstrass, 
which may be stated as follows : 

Wererstrass’s THEOREM. Let F(x, 1) be a function of the two indepen- 
dent variables x and y, analytic in the neighborhood of a point (29, Yo): let 


F(x, Y) f 0, 
and let F(x, Yo) = 9; 


then the function F(«, y) may be written thus: 


F(z, y) =P(2,y)- H(s, y), 


wnere 
P(%, y) = (y — Yo)" + Ai(z)( y — yo)" +--+ + A,lZ), 


the A(x) being analytic functions of x in the neighborhood of x, and vanish- 
ing for x = x, and H(x, y) being an analytic function of x and y in the 
neighborhood of (xo, yo), not vanishing at ( Lo, Yo)-” 

The inference is, therefore, that the equation F(x, y) = 0 has n, and 
only x, roots y as functions of x which approach y) as « approaches zy and 
that these roots are the n roots of P(z,y) =. Attention may thus be 


* For the proof of this theorem, the reader is referred to Goursat: Cours d analyse, vol. 


2, pp. 280-285. See also Picard, Traité @ analyse, vol. 2, p, 243; Bliss, Bull. Amer. Math. Soc., 
vol. 16, p. 356 (April, 1910); MacMillan, ibid., vol. 17, p. 116 (Dee. 1910). 
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restricted in a study of the behavior of the roots of F(x, y) = 0 in the neigh- 
borhood in question toa consideration of the roots of the simpler equation 
P(a, y) = 9. 

To the discussion of this equation the following considerations are 
essential. 

Definition. The function 


P(x, y) = y" + Al(z)y"—" + Ay(x)y"—* +--+ + A, (2), 


where A,(.c) is analytic at «= 7) and A;(x) = 0, is reducible at the point 
(x = Xo, Y= Yo =) if 
P(x,y) = (y™+ Bi(eyy™—! +++ + Ba(x) [y+ Ci(eyy'1 + «++ + C(x), 


where m > 0, 1 > 0, and B;(x) and C;,(.r) satisfy the same conditions as A;(x). 
Otherwise it is irreducible. 

Tueorem. A necessary and sufficient condition that P(x, y) be irreducible 
at the point(x,, Yo = ©) ts that, no matter how small a neighborhood of the point 
ay one consider, the Riemann surface for the function y of x defined by 
P(x, y) = 0 spread out over this neighborhood consist of a single prece. 

Proof. 1. The condition is sufficient. For if P(«, y) be reducible the 
Riemann surface for y as a function of « defined by /?(, 7) = 0 will, in the 
neighborhood of .5, be composed of the separate Riemann surfaces corres- 
ponding to the separate irreducible factors.* 

2. The condition is necessary. The equation /(., y) = 0 defines y as an 
n-valued function of x in the neighborhood of . = x); let the branches be de- 
noted by /,(2), fa(“), +++, fa(”). Assume that the Riemann surface breaks 
up and let one of the pieces be a A-sheeted piece, A < n, to which are assigned 
the branches fi(7), --+, (2). Sever the surface by a cut running out indefi- 
nitely from the point «= 2, and let the description of a closed circuit 
around w = xy by the independent variable cause f{(x) to go over into /,(«), 


Ayr) into f4(2), and so on, f(r) going over into f(z). Consider then the 


function 


| 


P(z,y) = ly -ACM I] ly -A@)) +++ Y-AC)] 
= y+ Br) y-!+--- + B+). 
The functions §;(«) are integral symmetric functions of the 7’s, and con- 


* See, in this connection, Osgood: Lehrbuch der Funktionentheorie, vol. 1, p. 357. 
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sequently are functions of ., single-valued and analytic throughout the 
unsevered neighborhood of « = .r9, except possibly at . itself. Moreover 
8;(.) is tinite and continuous in this region, and 8;("y) = 0. Hence §;(2) is 
analytic throughout the unsevered neighborhood of 2 = .y inclusive of the 
point itself.* Forif a function is analytic throughout the neighborhood of a 
point, with the possible exception of the point itself, and if it remains finite 
in the neighborhood, then it approaches a limit as the variable approaches the 
point ; furthermore if this limit is assigned as the value of the function atthe 
point, then the function is analytic at this point also. These conditions 
are fulfilled in the present case. The function (1, y) is therefore irredu- 
cible at the point . =.) (by part 1 of this proof). 

Hence it is seen that /?(2, 7) admits asa factor an irreducible poly- 
nomial, /’(.c, y), of the same type. This contradicts the hypothesis that 
P(x, y) is irreducible, and the theorem is proved. 

Equating to zero each of the irreducible factors of /’(., 7) we have y 
defined as a function of x, single or multiple valued as the case may be. In 
case the function corresponding to a given irreducible factor is multiple 


- Valued, the branches are all connected in a single cycle at 79. In this case all 


the values of y corresponding to an arbitrary + + .) in a suitably restricted 
neighborhood of x, are distinct; for the discriminant of the irreducible factor 
is a function of «, analytic in the neighborhood of the point z, and vanishing 
there, but not vanishing identically. It has, therefore, no second root in the 
vicinity of «). Furthermore unless this function y of z is a constant, the 
inverse function exists and x can be expressed as a single valued function of y 
in the neighborhood of yo, or as a multiple valued function whose branches are 
connected in cycle at yy. There will, of course, be as many such functions 
as there are irreducible factors in /’(7, 7). 

6. Application of the Theorem of the Preceding Article. 
A necessary condition for an envelope of the curves y = (7, a) has been 
seen to consist in the equation 

Si(£,a) = 0. 


We now proceed to inquire how far this condition is suflicient. 


The function f,(2, a) may contain certain easily detected factors which 
are extraneous for our present purposes, factors, namely, of either or both of 
the forms 


(4 — Xo)”, (a — ay)", 


* See Osgood: Funktionentheorie, vol. 1, p. 262, Riemannscher Satz. 
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where m and nare positive integers. If fa.+ (x, a,) #9, but all the pre- 
ceding a- derivatives of f,(x, a) —if there are any—vanish identically 
for a =a, then f,(., a) contains the factor (a — a,)”" but not the factor 
(a—a)"t'. If fazm(%, 4) #0, but all the preceding x-derivatives of 
S.(#, a)—if there are any—vanish identically for x = x, then f,(2, a) con- 
tains the factor (« — 2)" but not the factor (x—2))™+!. Hence we may 
write 
Ja(", @) = (a — ag)" (x — Xo)” F(x, a), 
where m, n are determined as just indicated, and where 
F(x, ay) #9, F(x, a) # 0. 
The solutions of the equation 


parc a)= Q 


are the solutions of the three separate equations, 


a) a—a,=J, 
h) t=, = VU, 
c) F(x, a) = G0, 


Equation a) does not define x as a function of a; hence the factor 
(a — ay)" gives rise to no envelope. 
Equation >) gives x = x. Writing f,(2; a) as 


f(x, a) = (x — %)™(a — ag)” F(x, a) 
= (4#— 25)" A(x, a), 
we have 


Y= f(x, a) = (x — 2X)™ | ‘ Ky (x, a)da+ L(x) ; 


then Yo = S(%, 2) = L( 4), 


and all the curves, y = f(x, a), are seen to pass through the fixed point 
(to. Yo). Hence the factor (2 — x))" gives rise to the so-called point envelope. 


Equation c) presents two cases according as 
I £ 


F(2%, 49) #0, or F'(%, a9) = 0. 


et ae 
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If Firy, a.) #9, then F(x, a) is the function //(x, a) obtained by ap- 
plying Weierstrass’s Theorem to the function 
(2 — %)” F(z, @). 
Hence, if F(x, ay) + 0, the factor F'(., a) gives rise to no envelope. 
If F(x). a,) = 0, Weierstrass’: Theorem enables us to solve the 


equation 


Cc) F(z, «) = 0 


for « as a function of a,“ = $(a), in the neighborhood of a = ay. The 
functions 


x = $(a), V7] = f\ (a), a} = ia), 
define an envelope of the curves 
y= f(r, a) 


in the region in question. These statements we now proceed to prove. 
By Weierstrass’s Theorem, we may write 


F(v,a) = Q(4r, a) I(x, a), 


where H7(., a) is analytic in the neighborhood of (a, a,) and F/(79, ay) 4 0. 
The z-roots of #(2,a) = 0 in the neighborhood of a =a, are all given as 
the roots of the equation 

Q(z, a)= 0, 


Let O;(“, a) be a factor of Q(z, a), irreducible in the neighborhood of ag; 
it may be written 


0(2, a) = (x — +9)! + Ay(a)(" — a9)! -' 4+ --- + Aa), 
where «1;(a) is analytic at ag, Aj(a,) = 0, and A,(a) #0. Then 
DQ (2, a) = V) 


detines « as an /-valued function of a, 


x = $(a), 


whose branches are all distinct except at a), where they are all connected in a 


single cycle. Cut each leaf of the Riemann surface along a ray emanating 
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from ay), and denote the branches of $(a) corresponding to the severed 


leaves by $,(a), $:(a), $3(a), ---, (a). The substitution of these functions 
in the equation 


y =S(*, a) 
¥ =f $(4), 4] = ¥,(a) ; 
thus we obtain pairs of functions 


z= (a), Y=¥(a), 


gives 


such that in the region in question no two branches $;(a), $,(a) are the same. 
In the neighborhood of any point a = a, + ag in a suitably restricted 
vicinity of a), the functions, 


x=¢,(a), y= ¥;(4), 


define an envelope of the family y= /(«, a). 
For, from the character of F'(.c, a), the function ¢,(a) is non-constant, 
and ¢/(a) #0; _ hence the condition 


iPi(a)| + |Wi(a)| > 0 


of the definition (§2) is fulfilled atany point of the region in question. The 
proof that the slopes of the curves 


r= (a), y= (a), 
and y = f(2, 6) 


are identical at anarbitrary point of the neighborhood of a, is exactly that 
used in establishing the theorem of §3. Thus the functions x = ¢;(a), 
y¥ = ¥,(a) meet all the requirements of the definition of §2 and the statement 
is established. 
To the irreducible factor 0;(x, 7) there corresponds therefore an envelope 
consisting of a single branch analytic at a), or of several branches distinct and 
analytic in the neighborhood of aj except at the point itself and meeting at 
the point. To the function Q(z, a) will correspond, of course, one envelope 
of this type for cach of its distinct irreducible factors. These envelopes will, 
in general, be distinct ; see §7, example 4, for an exception. ’ 
The results of the foregoing discussion are brought together in the follow- 
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ing fundamental theorem, which summarizes the facts concerning envelopes of 
the family of curves given in the explicit form y = /(, @). 

FunpamentaL Tueorem. Given a one-parameter Jumily of curves 
y = fix, a), where f(, a) is an analytic function of x and a in the neighbor- 
hood of (09. Ay) such that 


1) Fuae(Lo. a) = 9, i= 0,1, 2,---,m—1, 
but Ta,2n(Xo a) # 9, 


Ie (2, ay) = 0, 
but San+t(2, Qy) #9; 
then, uf 
3) San+\_ pn (Xo, (tg) ~ 0, 
the curves y= f(x, a) have no envelope in the neighborhood of (2. Yo), except 
a point envelope which occurs whenever nz 1 . hut, if 
3’) fian+tgm (Zo ay) =, 


the family y= f(x, a) has an envelope composed of one or more curves 
through the point (xo y,): also, whenever m2 1, a point envelope at that 
point. 


When m = 0, the notation i= 0, 1, 2, +++, m — 1 is meaningless and 1) 
must be replaced by f,(x, a) # Y. 

7. Examples. Lvample 1. Examine for an envelope in the neigh- 
borhood of the point «, = 0, a, = 0, the curves : 


y=f(«, a) = 4 a*® — date + 4a5x? — Satz — 2°, 
Here f(x, a) is analytic at (0, 0), and 
S.(", a4) = 20 ak(a — r)(1 + 2?), 


so that f,(%, a)) = 0 while £,(2,, a) 40. The conditions of the Fundamental 
Theorem are fultilled, » = 3, m = 0, and 


Q (4, a) = (a—2), M(x, a) = 20(1 + 2). 


Thus we obtain the envelope 


Z= 4, y=—a'(1l4+a4a*)(l—a + a’), 
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consisting of one analytic branch through (0,0); the equation in Cartesian 
form is 
m4 zi 4 oS + y¥=0. 
Example 2. Examine for an envelope in the neighborhood of x)= 0, a,=0, 
the curves : 


y =f(«, a) = 20x4a3 + x + Ldate? + L5dataet + 122205, 
Here Ja(", @) = 60a*2? (x? + a)(1 +a), 


and we have the conditions of the Fundamental Theorem with m= 2 and 
n= 2. Thus we obtain a point envelope at the origin, and an envelope which 
consists of a curve through (0,0) given by 





zr=+V—a, y = 5a@° + 3a® F Wa a, 


or in Cartesian form : 
y¥= “i(l — 5a3 + 32°). 


Example 3. Examine for an envelope in the neighborhood of 


xy = 0, ag =O, the curves: 


y=f(4,a) = 23[ ast + 2a%x? + (; oe >) a*z? — — atx — a‘. 


Here f,(7,a) = as + fax + (4da® — a)a? — fae — sa] 
= x*(x* —a)( x + 2a)?. 


The envelope consists of the curves 


aft 
z=al, y= % [s + 4at + 2a]. 
) 


and x= — 2a, y= 5a°| 1120 — 17] 5 


the origin is a point envelope. 
Example 4. Examine for an envelope in the neighborhood of x) = 0, 


a, = 0, the curves: 
y =f(x, a) = (x —a)*® (x — 2a)’. 


Here S,(@, a) = 2(x — a) (x — 2a) (4a — 3x), 
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and OQ(x,a) = (x —a)(x — 2a) (4 — 2 


a). 


The Riemann surface consists of three distinct pieces, each composed of a 
single sheet. The envelope is made up of the loci 


rt=a, 


and 


This example illustrates how two different irreducible factors of Q(x, a) may 
give rise to the same envelope in the neighborhood of a point (.t9, Yo)- 


Parr Il. THe Imenuicir Case. 


8. Statement ofthe Problem. Attention will now be directed to 
the case in which the family of plane curves is defined by an equation in the 
implicit form : 

Fir, y,a) =9, 


where F(x, ¥, a) is ananalytic function of «, y, a and where F,(.7, y, a) # 0. 
The definition of the envelope is the same as in §1. Two cases will be 
considered here: @) that in which the curves of the family have no multiple 
points in the region in question, 4) that in which these curves have multiple 
points of order two only. 

9. A Sufficient Condition for an Envelope. In (ase 7) the fol- 


lowing theorem gives sufficient conditions for the existence of an envelope. 


Tueorem. If F(«, y, a) is a function, analytic in the three independent 
variables x, y, and a, at the potnt (24, 4%, a,), and if 


F(x. Yo, 49) = O and F’( Lo, Yo, %) = 0), 


oF oF 
DF, PF.) _|%e By 
D(x, 4) iia F; F, oF, ~ Oat (7, Yo, %)s 
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3) F (20, Yo a) F 0; 


then the curves F(x, y, 4) = 0 have an envelope xr = $(a), y = ¥(a), which 
consists, in the neighborhood of the point (xo, Yo, a9), of « single analytic curve. 

Proof: The two functions F(z, y, a) and F(z, y, a) satisfy the con- 
ditions for obtaining x and y from the two simultaneous equations 


F(z, y,a)=90, F(z, y, a) =0 


as given in the ordinary theorem on Implicit Functions.* The solution of the 
equations gives rise to two analytic functions, 


r=$(a), y=¥(a), 


such that F'[¢(a), (a),a] =0 and F,[¢(a), ¥(a), a] =0, and that 
$(a)) = xr, and y(ay) = yy. These two functions « = ¢(a), y = W(a) exhaust 
all the systems of values (x, y, a) in the neighborhood of (2 , yo, a9) for which 
the functions F(x, y, a) and F’,(x, y, a) vanish simultaneously. Hence but 
a single curve is determined. Furthermore, ¢(a) and (a) are not both con- 
stant; for differentiate the identity F’,(¢, y, a) = 0, thus obtaining 


Fuc$'(a) + Fay vi (a) + Fa. = 9. 


Then, if ¢(a) and W(a) were constant, ¢'(a) = y'(a) =0, and F,,[¢(a), 
v(a), a] =0 and, in particular, /’,,[$(a)), (ao), a] = 0, in contradiction 
of condition 3). Therefore |¢'(a)| + |'(a)| > 0. 

It remains merely to show that, at the common point (2, Yo, 4), the 
curves F(x, ¥, a9) = Vand x = (a), y = y(a) have the same slope. Differ- 
entiating the identity /'(¢, y, a) = 0, we get 


F,$'(a) + F,y'(a) + F, = 0. 


But at the points under consideration /’, = 0, and thus the last identity 
reduces to the form 


F,d'(a) + Fiw'(a) = 0. 


Now the slope of F(x, y, ay) = 0 is given by the equation F,.dr + F,dy = 0, 
and F’,, F, are not both zero, by 2), while the slope of r = ¢(a), y = (a) 
is given by the equation ¥'(a) dx — ¢'(a) dy = 0, and the above identity is 








*See Osgood: Lehrbuch der Funktionentheorie, vol. 1, pp. 52-55 and p. 345. The proof 
for a single equation is readily extended to a simultaneous system. 
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precisely the necessary and sutticient condition that these two equations, homo- 
geneous in dx and dy, have a common solution other than (0, 0). The theo- 
rem therefore is proved. The conditions are sufficient, but not necessary. 

10. Conditions for Double Points. In case /) there will occur, in 
the pairs of solutions for x and y in terms of a from F(x, y, a2) = 0 and 
F(x, y, 2) = 0, not only the envelope, in case there is one, but also the locus 
of double points. In the complex domain, we distinguish two classes of mul- 
tiple points of order two, according as the tangents to the curve at the point 
are distinct or coincident. The first class we call nodes; the second class in- 
cludes cusps, tacnodes, points of osculation and so forth. In the domain of 
reals, double points with distinct tangents are termed nodes or conjugate 
points, according as these tangents are real or imaginary. That we may get 
simple, definite conditions, we shall make in all the following discussion the 
restriction on the funetion F'(x, y, a) that it involve no repeated factor. 
Then we may state the following theorem for a node. 

THeorem I. Necessury and sufficient conditions that the locus of 
F(x, y) = 0, where F(x, y) is an analytic function of x and y in the neigh- 
borhood of (x9, yy), consist, in this neighhorhood, of tro analytic branches 
through (79, yy) with distinct slopes ut this point, are that, at (x, Yo)s 


1) F=0, 2) F, =0, 3) F, = @, 4) ae 


¥ 
yy Pry + 0. 


Proof. There is no loss of generality in taking (2, yp») as (0,0). 

lL. The conditions are necessary. Since (0,0) is a point on the locus, 
F(0,0) =0. If either 2) or 3) is violated, the ordinary Implicit Function 
Theorem shows that the locus is a single analytic curve, contrary to the hy- 
pothesis. The function F(z, 7) may, therefore, be written in the form: 


F(z, y= ar? + 2hry + cy" + dz + ser*y . re 


u y 3 
= 2 (« + 2h 4 +c a) +r (a + de Y + osee ) t 
v v wv 


= (2, d), 


The only solution of F(0, ¥) =0 is ¥=9. Consider a particular 
branch of the locus through (0, 9) ; its slope is 
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lim Y% _ lim 4 
° — ’ 
r=02 z=0 


y and X being considered as functions of the independent variable z. The 
variables z and A are connected by the equation 


S(2,%) = a+ 204+ 4+ 2(d + BAH ---) +---=0. 
Moreover lim x = 0; consequently the limiting value of ) satisfies the equation 
f(0, 2%) = a+ 2X4 =O. 


Since, by hypothesis, the slopes, A,, A, at (0,0) are distinct, 4? — ac 4 0. 
But F’,,(0, 0) = 2a, F,,(0, 0) = 2b, F,,(0, 0) = 2c; hence the quadratic 
equation in A is equivalent to either of the two equations, 

ax® + 2hry+cy?=0, and F,,(dxr)? + 2F,,drdy + F,,(dy)? = 0, 
and the condition just obtained becomes 


4) Fz Fy — Fey # 9. 


yy 
This establishes the necessary conditions. 


2. The conditions are sufficient. Because of 1), 2), 3), we have, as 


above, 
F(x, y) = ax? + 2bry + cy? + dx + Bexr*y +--- 


III 


w fia A), A=-, 


where, because of 4), 
4? — ac 3 0. 


The only solution of F(0, y) = 0 is y = 0. Consider, then, the 


function 
F(z, ¥) Sat WA + AP 4+ e(d + BAAH---) +->> 


Ag(r) + A\(A) - x + Ag(A)- ee eee 
The roots, A, A», of Ao(A) = 0 are distinct ; hence 


ef (9, ri) 
> 
Therefore T(x, ») = 9 


= 2(b+ cr;) # 9, i= 1,2. 


a 
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determines A=$,(r), $= 1, 2, [6(0) = Aw S(x,y G(r) =O], & pair of 
functions, each single valued and continuous in the neighborhood of x= 0, and 
having there a continuous first derivative. Then y = Ax gives two functions 





y =2r9,(r) = (1), y =r¢.(r) =¥(2), 
| iy: which define two analytic curves through (0, 0). 
Hit The slopes of the curves at (0, 0) are 
Ht , dy ' : 
et dx = xy$j(%o) + $i(%) = Ais v= 1, 2. 
4 ' 222290 


But dX, + Ay: hence the two curves through (0, 0) have there distinct slopes. 

The curves X = ¢;(x) exhaust all points in the neighborhood of (0, A;) 
for which f(.r, %) vanishes. To show that these curves exhaust all points in 
the neighborhood of x =0,%X=A, for which f(r, %) vanishes, proceed as 
t follows. Take X = A; any point not in the neighborhood of either A, or Ay. 
Hibs: Write f(r, X) as 


AES (2, %) = Ao(d) + SY An (2. 


» 7 m a | 





Then A,(A3)| > G, G being some fixed positive number; moreover, there 





exists a positive constant p, such that 








x { 


A), (Az) amie< G, for | | <p. 





== 1 











Hence this value pair (x, 43) does not cause f(x, X) to vanish. This shows 
that the complete locus of F(z, y) = 0 is represented, in the neighborhood of 
(0, 0), by the two curves 


y = (x), ¥= (x), 
and the theorem is proved. 

Corottary. If F(x, y) is real when x and y are real, necessary and 
sufficient conditions that F(x, y) = 0 define at (x, yo) two analytic curves 
with distinct slopes which are a) real, b) imaginary, are conditions 1), 2),3) 
above, with 4) replaced by 
























4a) F,, F,, — F%, < 9, 4h) FF, — F%, > 9, 


yy yy 


respectively. 
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TueoreM II. Necessary and sufficient conditions that the locus of 
F(z, y) = 0, where F(x, y) is an analytic function of x and y in the neigh- 
borhood of (29, Yo), consist, in this neighborhood, of two branches through 
(Loy Yo) with coincident slopes at this point, are that, at (x9, Yo), 


1) F=0, 2) F,=0, 3) F,=0, 4) Fy 
while 5) i. & # 


yy 


—_ i = 0, 


Py, y 


do not all vanish. These branches may be connected or not. 

Proof. As before let us take (2), yo) as (0, 0). 

Necessary Conditions. These are established precisely as in the fore- 
going theorem. 

Sufficient Conditions. Because of 1), 2), 3), we have 


F(x, y) = ax? + 2bry + cy? + dr? + Bexr?y 4+ ---, 
where, because of 4), 5), 
BM _ ac= 0, a, 4, c, not all zero. 
Since either a + 0 ore ¢ 0, let us assume that c 4 0. Then 
F(0O, y) #9, F(0,0)=0, F,,,(0, 0) = 2e 4 0. 
Hence we have, by Weierstrass’s Theorem, 
F(x, y) = Q(x, y) - M(x, y), 
where //(x, 7) is analytic at (0, 0), //(0,0) 4 0, and where 
Q(r,y) =P + A(x)y + Ar(*), 
A,(«) analytic at x = 0, A,(0) = 0. 


The locus of Q(x, y) = 0 exhausts all points in the neighborhood of (0, 0) 
for which F(x, y) vanishes. We may write 
Q(x, y) = 7 + Ay(x)y + A,(*) 


(y+ - ">*)(v+ (y + 4, + At”), B? = At — 4A,, 


Ht 


where B?(x) ¢ 0, because F(x, 7) has, by hypothesis, no repeated factor. If 
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the expansion of B(x) about . = 0 begins with an even power of x, B(x) 
is analytic at x =0, Q(«, y) is reducible, and Q(x, y) = 0 defines two 
branches, analytic at (0,0). This is the case at a tacnode. If the expansion 
of B?() about « = 0 begins with an odd power of .r, B(x) is not analytic at 
the point, Q(., y) is irreducible, and Q(7, vy) = 0 defines two branches, 
analytic in the neighborhood of (0,0), but connected at that point. 

If c= 0, then a + 0, Weierstrass’s Theorem gives 


Q(r, y) = + By) «+ Bly), 


and Q(x, y) = 0 defines two branches as before. 

The slopes, at (0,0), of the locus of F'(.r, y) = 0 are determined, as in 
Theorem I, by the equation 

a+ 26rX. + co? = 0. 

Since, by hypothesis, 6? — ac = 0, these two slopes are equal, and the theo- 
rem is proved. 

1l. The Nodal Locus. THreorem I. «AL necessary condition that a 
given locus «= p(a), y= v(a), where \w'(a)' + \v'(a)| #9, be a nodal 


locus of the curves of the family F(«, y, a) = 0 is that the relations 


1) F=0, 2) F,=0, 3) F,=90, 4) FL =9, 


y = = 


5) F,,#0 or Fy #9, 6) PP y — Py #0, 


te Big Bw 
‘) | F yz Py Fs | #9, 
Fas en Pas | 


be satisfied along this locus. 
alae maa - 
Proof. Since #; = u(a;), y; = v(a;) is a node of the curve a,, therefore, 
by the preceding section 


F=0, F,=0, F,=0, F.F, — Fly + 0, 


at this point. Since these conditions are true at every point of the locus, 
then 
1) F=09, 2) F, 


0, 3) Py =9, 6) F,,F, — Fi, 4 9, 


yu 


along the locus « = u(a), y= v(a). From the first identity, 
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F,dx + F, dy + F, da =0 


along the same locus. But since #', = 0 and F, = 0 here, it follows that 
4) F,(*, y, a) =O along this locus. Differentiating the identities 2), 3), 
4), we obtain 
F,, 4s + FP ,v' + Fos 
Fyzt' + Fyv' + F,, = 9, 


Fiv + Fy’ + F., =09, 
along «= w(a), y=v(a). A necessary condition that these be consistent is 


Pez Puy Poo 
I 


a yz Fy F 50 = 0. 
| ee Bee Pe 


Because of 6), the equations 
7 


Fc + Fy + | => 0, 
F,.0' + F,y + F,, =, 


determine yp’ and v’ at any point along « = u(a), y = v(a), as 





y , ’ ’ y 7 y 
( A) p' ~— Fu Pye she | a I ra y’ — I ry | — | Poe 
oe ae is 9 ’ SS ET ee ’ 7 ie 
I rr I ws * I ry I re Pus — I ry 


Since w'(a) and v'(a) are not both identically zero it follows that at least 
one of the inequalities F,, («, y, a) #0, F,,(“, y, a) #9 must hold along 
“ =pe(a), y=v(a). This establishes the theorem. 

TuHeoremM Il. A sufficient condition that the given locus « = yu(a), 
y =v(a), where |u'(a)| + |v'(a)| #0, be a nodal locus of the curves 
F(x, y, a) = 0 is that the relations 


1) F=0, 2) F,=0, 3) F,=90, 4) PirPy — Py = 9%, 


be satisfied along this locus. 
Proof. The conditions of the theorem of §10 are fulfilled at every point 
of the given locus. Hence the theorem follows at once. 
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THeoreM III. Jf, at (v9, Yor @) 


1) F, = 0, 2) F, = 0, 3) Ful a a I # 0, 


then F(z, y, a) = 9, PF, (2. ya) =9 

define “=p(a), y=v(a), 

where a) u(a), via) are analytic at ao, 
h) H(do) = "yy ¥(a) = Yo- 


It, furthermore, 


4) F(u, va) 0, 5) Fi(us va) #0, 07 Puy (my, a) # 0, 


/ 


then c) w(a)' + via) #9, 
and “xe=pl(a), y=v(a) 


define, in the neighborhood of (2), Yo, a), @ nodal locus of the curves 
F(x, y, a) = 0. 

Proof. Conditions 1), 2), 3) insure, by the ordinary Implicit Function 
Theorem, the existence of two functions “ = u(a), y = v(a) satisfying con- 
clusions a) and /), and such that 


l') F,(4, v, a) = 0, 2') E(u, v,a) = 0. 


That conditions 3), 5) are sufficient that u’(a), v'(a) do not both vanish 
identically, follows at once from the equations (.1) for y’(a), v'(a) obtained 
in the proof of Theorem I, above. — Finally, 4), 1’), 2’), 3) constitute pre- 
cisely the sufficient conditions of Theorem II above, which completes the proof 
of the Theorem. 

Tueorem IV.* A necessary and sufficient condition thata given nodal 
locus «= p(a), y = v(a), where pi(a) + \v'(a) # 0, of the curves 
P(e, y,a) =09 bean envelope of one of the hranches at the node, is that 


Fe(e. vy a) = 0. 


* This theorem is due to M. J. M. Hill, Proc. London Math. Soc., vol. 22 (1891), p. 222. 
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Proof. Necessary condition. Since «= y(a), y= v(a) is a nodal 
locus of F'(r, y, a) = 0, 


F’.(u, v, a) = 0, F'i(4,v,a) =0, Fin, via) =0; 


then 
1) F de + Fy + F,,da =0, 
2) Fide + Fy dy + Fda = 0, 
3) Fide + F,dy + Fda = 0, 


are consistent along the given locus. 

Since, by hypothesis, the slope of the nodal locus is equal to the slope of 
one of the branches at the node, dy/dx from the above set must satisfy the 
equation 


"7 F.(de)? + 2F,, dex - dy + Fy(dy)? = 0, 


which determines the slopes of the two branches at the node. Multiply 1) 
by dw, 2) by dy, and add: 


5) F(dw)? + 2K de - dy + Fy, (dy)? + Fda +-da+ F,,dy-da= 0, 


ya 
whence da(F',,de + Fy tly) = 0 
along the locus. Since da # 0, it follows that 
6) Fd + F dy = 0 


along the locus. Henee, from 3), it follows that F,,(#, v, @) = 0, as was to 
be proved. 

Sufficient condition. Since « = w(a), ¥ = v(a) is a nodal locus, 1), 2), 
3), and therefore 5) are true. Since, by hypothesis, /’,,(4, v, a) =0, 
3) insures that 6) is true; 5) then reduces to 4) ; that is, dy/dx from set 1), 
2), 3) satisfies 4), and the locus is an envelope of a branch of F'(.r, y, a) = 0 
through the node. This completes the proof of the theorem. 

12. Conditions for the Real Case. If F (+x, 4,a) is real when 
“, y, a are real, the theorems of §11 read for a) nodes, 6) conjugate points, 
according as we change the condition /’,,./',, — Fz, 4 0 to read 


a) Fick ym Fo, <%, b) Fk yy, — ry > 0, Vvespectively. 
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Example 1. Consider the family of lemniscates : 


F(a, y, a) = } (© +a)? + (y — a)? (? — AB) (aw + a)? — (y — @)?{ = 0. 


The nodal locus is the straight line x = —a, y =a. 
F(t, ys a) = 8 J(u t+ a)? + (y—a)? + (4 —y + 2a)?!. 


Since F,,(u, v, a) = 0, the nodal locus in an envelope of one of the branches 
through the node. 
Example 2. Consider the family of curves 


F(x, y, a) = 2+ (y—a)® — Bbr(y —a) = 0. 
The nodal locus is « = 0, y = a. 
F.(2, J; a) = H(y _ a), Fi. ( Ms Vv, a) = U. 


Hence the nodal locus is an envelope. 

13. The Locus of Double Points with Coincident Tangents. 
As stated in §10, Theorem II, necessary and sutlicient conditions that the 
point (1), Yy) be, on the curve Fr, 7) = 0, a double point with coincident 
tangents are that 


F=0, F,=0, F,=0, F 


i] tL 


BF Fk? =0, 


wy: * a 
at the point, while F,,, F',,, F',, do not all vanish there. 
THEOREM I. Necessary conditions that a qiven locus «= be (a ) Y= via )> 


where wi(a) + v(a) #90, bea locus of double points with coincident tan- 
gents for the curves F(x, y, a) = Ore: 


1) F=0, 2) F, =0, 3) F. =0, 4) #20 


) Fig Fat Fe Fy Ft Fy me Pest Fegt Bees 
alony the locus, while 
6) Fy Pes FF 


zy yy 
do not all vanish simultaneously at any point of the given locus. 


Proof. Conditions 1), 2), 3), 6), and 


7) Vion — Va — Q 
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follow at once from the fact that the above requirements for a double point 
with coincident tangents hold at every point of the given locus. Differentiat- 
ing 1), we obtain condition 4) by using 2) and 3). From the identities 2), 


3), 4), we obtain the consistent equations j 
8) Fw + Fy + Fi. = 9%, 
“) Fit + Fy + Fy =9, 
1) Bow > Fy’ > us = 0. 


From 7), and the consistency of 8) and 9), it follows that 


11) Fat Fy? Fy ee: FF: Fy 
From F.: F., = Fi, Fy, and the consistency of 8) and 10), it follows 
that 

12) Fugit Boyt Fay OM Peg: Fas Fess 


Condition 4) is obtained by combining 11) and 12). This completes the 
proof of the theorem, 

Tueorem Il, Suffictent conditions that a given locus x = p(a), y=v(a), 
where p'(a)| + \v'(a) # 0, be a locus of double points with coincident 


tangents for the curves F(x, y, a) = 0, are: 


1) F=0, 2) FL =0, 3) fF, =0, 4) F, Fy -— Fi, =%, 


y cy 
along the locus, while 
F.s,sF 


ry? vy 


») F 


rr’ 


do not all vanish simultaneously at any point of the given locus. 
Proof. The conditions for such a point are fulfilled at every point of 
the given locus, and the thorem is established. 
THeorem III, A necessary and sufficient condition that a given locus of 
double points with coincident tangents, 
H(a)) = +5  — M(@y) = Yor = | (@) | + [v'(a)| #% 


of the curves F(x, y, a) = 0, be an envelope of these curves is that 


Pa( bs Vy a) = . 
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Proof. Since x = p(a), y = v(a) isa locus of double points with coin- 
cident tangents, we have along it 


1) F=0, 2)F,=0, 3) F,=0, 4) FL =9, 


5) Feet Foyt Fea = Fyet Fry? Pye = Fert Fay F 


ra yr vy mo ar ay* aa’ 
while 

. ’ ’ y 

b) : | F ays r. 
do not all vanish at any point of the given locus. 

Necessary condition. Since the slope of the given locus is, by hypoth- 

esis, equal at every point to the slope of the double point tangent at that 
point, we have, using 95) : 


v(a): w(a) =— F (u,v, a): F', (hv, @) 


III 


— F(a. ¥, a): Fi, (Bs Ys @) 


= = Fe (Bs v, a): Pay (Bs Vv, a) ; 


hence 7) Fw + Fv = 9, 
8) Fy + Fy = 9, 
Y) Fe + Fiyv = 0, 


are necessary conditions along the locus. 
From these and the identities 8), 9), 10) under Theorem I, it follows that 
Fi(4,¥.a) =9, Fy (u,v, a) =O, Fw, v, a) = 9. 


This establishes the necessary condition, and incidentally shows that 
F-(h. v, a) = 0 and F,,(4, v, @) = 0 are equivalent necessary conditions. 
Sufficient conditions. Let F,(m, v, a) = 0; then, from 5) 
Fi(H, ¥, a) =9, F,, (nu, v, a) = 0. 
The equations 7), 8), 9) are then true, and, because of 5), 
v(a): w(a) =—F',,(p, v, a): F,,( pu, v, a) 


=— F,,(u4, »,a): F, (ph, v, a), 


that is, the slope of the given locus is equal to that of the double point tan- 


gent, and the locus is an envelope. This completes the proof of the theorem. 
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14. Examples. Lxample 1. Consider the curves Pi de 
F(x, y, a) = (#—y)? — (4+ y— 2a) = 0. whe 
The cusp locus is « = a, y = a. teat 


Pax, ys a) = — A(x + y — 2a). 
Since F',,(a, a, a) = 0, the cusp locus is an envelope. 
Example 2. Consider the family of cissoids 
Fie, y,a) = 4+ (r—1)\(y—a)y?=0., 


The cusp locus is « = 0, y = a. 
Since F,,(", y, @) = 2(2£ —1) #0 along the cusp locus, this locus is 
not an envelope. 
Example 3. Consider the curves 


Fir, y, a) sy — 2y(# — a)? + (&@—a)t'—(r#—a)i=0. 


The cusp lo us is «= a,y=0. These cusps are of the second kind, both 
branches of the curve lying on the same side of the cusp tangent. 


Fits Ys @) = — ty + 12(4 — a)? — 20(4 — a)*. 
Since F,,(, v, a) = 0, the cusp locus is an envelope. 
Example 4. Consider the curves 
Fir, y,a) = (r+ yy)? — (4 -—y — 2a) + (@-— y — 2a) =0. 


The line « = a, y = —a, is the locus of tacnodes of the curves. Since 
Fa(", yy @) = — 48(4 — y — 2a)? + 120(4 — y — 2a)*=0 along this 


locus of tacnodes, the locus is an envelope of the curves. 


Example 5. Consider the curves 
Fur, y. a) = (y—a)?+ (w#—a)t + (y - a)‘ = 0, 
Each curve a of this family has but one real point, « = a, y =a: 


= @, Fy (%s y¥,a)=2+ l2(y- a)*. 





F,.(%, y,a) = 12(4 — a)?*, F,,(4, 4, @) 
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The conditions for double points are satisfied at every point of 2 = a, 
y =a, Which is therefore the locus of isolated double points of the given 
curves. The equation for the slopes of the branches through such a point, 


(u — wy)? Pg + 2(4 — 0) (¥ — Yo) Fay + (Y — Yo)? F,, = 9%, 


shows that the slopes of the two branches through the point (a...) are both 
zero: We shall call this the slope of the coincident tangents to the curves at 
the isolated double points. 
Fiat. y, @) = 24+ 12(4 — a)? + 12(y — @)?. 
Since Fi.(u. uv, a) = 2 ¢ 0, the locus of isolated points is not an en- 
velope. 
The family 


Fie, y,a) = y+ (er —a)t+ f= 


has w= a, y= 0asa locus of isolated double points with coineident slopes. 


Since F(a. 0, a) = 0, this locus is an envelope. 


2 
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ON THE SOLUTIONS OF ORDINARY LINEAR HOMOGENEOUS 
DIFFERENTIAL EQUATIONS OF THE THIRD ORDER 


By GeorceE D. BirkHorr 


Introduction. (riven a linear differential equation of the third order 
(1) J" + py" +a +ry=9, (45%8b), 
in which the coefficients p, 7, r are real functions of x, continuous together 
with their derivatives of all orders, but otherwise unrestricted ; what is the 
general character of the solutions and how do they depend on these coeffi- 
cients? This rather interesting question lies almost wholly untreated, and it is 
the aim of the present paper to consider it. 

The analogous question in the case of an equation of the first order 

y' + py = 0 
is at once answered. By means of the explicit form of the general solution 
y=ce-s rt, (c, a constant), 


we see first that cannot vanish, unless it does so identically. Also any func- 
tion +, which does not vanish is the solution of such an equation, namely 


Thus the general characterization of the solutions has been obtained. The 
exact nature of the dependence of the solutions upon the coetlicient p is exhib- 
ited by the explicit formula. 

If the equation be of the second order, 


y" + py’ + q7y =9, 
the genera] solution has the form 
C1 + CoYos (C}, Cg, constants), 


where y, and y, are any pair of linearly independent particular solutions. It 
(103) 
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isan immediate consequence of the fundamental existence theorem for ordinary 
differential equations that 

We= We — Path 
cannot vanish. For suppose that this expression did vanish for «= & In 
this event we could determine a and 8, not both zero, so that the two equa- 
tions 

a,(E) + By E) = 9, ayi(—) + By2(E) = 0 

would hold. The solution 

y= a + Bys 


and its tirst derivative would then vanish at x = & But, by the existence 
theorem referred to, there is but one such solution, namely y= 0. — Accord- 
ingly 7, and y, would be linearly dependent, contrary to our hypothesis. 
Thus W cannot vanish. Furthermore if 7, and , are any functions for which 
W = 0, these functions will form a pair of linearly independent solutions of 
the linear differential equation of the second order 


yo sy 


| Jz te 2 


the coefficient of y" being precisely —W. This coetticient can be made unity 
by division of both members of the equation by —W. 

The analytic condition W + 0, which has been shown to characterize 
and ¥,, tells us that the ratio of 7, to v, increases or decreases throughout the 
interval considered. Let now y, and y, be regarded as the coordinates 
of a point in the projective line. As « increases through the interval, the 
point will describe the line in one sense continually. The elementary Sepa- 
ration Theorem concerning the roots of y, = 0 and y, = 0 is an evident con- 
sequence of this fact: the roots of y, = O and y, = 0 will separate each other, 
The above results give a characterization of the solutions, and thus answer 
the first part of our question for a linear differential equation of the second 
order. 

As the most important of the theorems which deal with the dependence 
of solutions upon the coeflicients we cite the following Comparison Theorem : 
suppose two equations 


Y+ny=9O and y+ aqy=0, WV > Ys 
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to be given; then there will be at least one zero of any solution of the first 
equation between two zeros of any solution of the second, or less precisely, 
an increase of q in the equation 


y" + qy=9 


brings the zeros of the solutions closer together.* 


Very analogous theorems exist in the case of the equation of the third 
order, and it is with these that we are concerned here. 
1. Geometrical Interpretation. If one writes 


My 42 Ys 
W=\|K Y ¥3 
WE ys Pus 


a necessary and suflicient condition that y,, %, 3 form three linearly inde- 
pendent solutions of some linear differential equation of the third order (1) is 
seen tobe W 4 0, just as the analogous fact was seen in the case of the second 
order equation. An explicit formula for W is obtained by noting that one has 


Wi Yr Is 
d iv ' ’ ’ r 
=i in Ve ¥s =—pwW, 

dx 


vr Al 


YoY ys 
by (1), sothat Wis given by the formula 


(2) W=ce-/"", (c # 0). 





*Take for example the equations y’’ +\,y=0 and y'! + Axv = 0, where \; and X¢g are 
positive constants, \; greater than Ay. The interval between zeros is fixed in both cases, 
7 /V; in the tirst and r/\ \, in the second case. 

The theorem is more general than at first might appear since any equation of the second 
order may be given the normal form, 

uv" + qy =0, 
by a simple transformation. 

The reader is referred for the proof of this and similar results to articles by Professor 
Bocher in the Bulletin of the American Mathematical Society, vol. 4, pp. 295-313, pp. 365-376, 
1897-1898, as well as to the original paper of Sturm, Journal de Mathematique, vol. 1, pp. 106- 


186, 1836. 
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bi f To a set of linearly independent solutions 7, 7/2, /3 of a given equation 
bt (1), whose general solution is then 
| lf Cy + Caz + C335 j 


there will correspond an integral curve C defined by the equations 


w= (2), W, = Y2("), 3 = Y3(“), 


in which 2, 7, 7; are the homogeneous coordinates of a point in the pro- 

jective plane referred to a certain triangle of reference. It is clear that any 

t other integral curve D obtained by making a different choice of the three lin- 

‘| early independent solutions will be projectively equivalent to C, since the new 
svlutions can be expressed linearly in terms of 1, 2. 1/s- 

The equation of a tangent line to C is 


bi UW, Wy Ws 


| 


Mi 1 Y > | y 3 


U ’ 
Nn ye Ys 
The homogeneous codrdinates of this line are therefore 


{hE — Yrs — Ys. 
} (3) ; 4=> 97 : 9 © 


— BY s 2 ifs — Yan 
; W" . wo” 
the divisor W being so chosen that 2, < 


, 23 are solutions of the adjoint 
' equation to (1): 
- 


(4) id _ (py)" + (qy)' —ry= 0, 


The fact that z,, 22, z,are solutions of (4) may be verified by substitution. 
The relation between (1) and (4) is entirely reciprocal in its nature, for 
equation (1) is also the adjoint to (4). Furthermore, the functions 2,, 2, 2; 
are linearly independent solutions of (4) since otherwise the curve C’ would 
reduce toa point or straight line, and 4, 4, ¥, would be also linearly de- 
pendent. The reader is referred to Darboux, Théorie des Surfaces, vol. II, 
book IV, chap. 5 for a discussion of the properties of the adjoint equation. 
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The identities 

Wirt t+ Yate + Ys%3 = 

(5) N21 + Yr. + Y3%s 


” ” Li 
Ny + Yr2%2+ Y3%3 = 


Il 
ros 


~) 


are obvious on substitution of the expressions given in (3) for %, 2, 23. 
These equations serve also to define 2), 22, z; in terms of ,, 2, Ys 

Returning now to the curve C, we see that it is a continuous curve in the 
projective plane (i.e. if the projective plane be mapped on the ordinary 
Euclidean plane so that /’5 is a point of C in the finite plane, then C is con- 
tinuous at /’, in the ordinary sense) since ¥,, ¥:, ys are continuous functions, 
not all simultaneously zero (W + 0). Likewise C’ has a continuously turn- 
ing tangent in the projective plane (i.e. if the projective plane be mapped on 
the ordinary Euclidean plane so that J’) is a point of C in the finite plane, 
then the direction of the tangent line varies continuously along the curve at 
P,), since 2), 22, Z; are also continuous functions, not all simultaneously zero. 
Thus C’ isa regular curve in the projective plane. The fact that y,, 2, ys 
have derivatives in x of all orders may be taken account of by saying that C 
is completely regular. 

The significance of the condition W + 0 is that there are no points of in- 
flection. In fact, by definition, the tangent at such a point has contact with 
the curve of higher order than the first, and hence if 


a,lt) a. Ay, + a3W3 = 0 
is the tangent line, one has simultaneously 


ay, + Ag¥z + asy3 = 0, 
ay, + 2/5 + azy¥z3 = 9, 
ayy + asyy + asyz = 0. 


This is possible if and only if W vanishes. The curve C may therefore be any 
completely regular curve without any point of inflection. The reader will re- 
member that the only condition on 1, #/2, /3 that they form linearly indepen- 
dent solutions of some equation (1) is the condition W + 0. 

If we consider the projective plane as lying in the ordinary Euclidean 
plane, the curve C’ possesses a tangent which rotates continuously in one 
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direction until the curve passes through the ‘line at intinity’ which is the im- 
age of any arbitrary line in the projective plane. It then returns with a tan- 
gent rotating in the reverse direction (consider for example a conic, which 
has no point of inflection). 
A transformation 
y = A, (A - 0), 


followed by a division by 2, leaves (1) linear and of course does not change 
the curve C’. By choosing 
A=e7her"" 


the coetlicient of the second term of (1) will reduce to zero and that equation 
will take on the simple form 


(6) yo . 3 qi ade ri = 0), 
to which the adjoint equation is 
(*) y" + gy + (¢ — ry = 9. 


It may be observed in passing that this last equation might also have 
been obtained from (4) bya like transformation in which however 


=e! 


A simplification introduced by giving our equations this normal form is that 
W" reduces by (2) to a non-vanishing constant. 

From this point forth we shall often employ our equations in this simplified 

form. The curve C may then be looked upon as given either in normalized 
oint coordinates by (#) or in normalized line cobrdinates by (7). 

The above interpretation of the solutions of an ordinary linear homogen- 
eous differential equation by means of a curve is a well-known one. The sec- 
ond and third chapters of Professor Wilezynski's Projective Differential Ge- 
ometry contain a full development of it. 

2. General Separation Theorem. The above geometrical repre- 
seitation furnishes us at once with the negative conclusion—not to be seen 
very readily without use of this representation perhaps —that it is possible to 
choose (7) the differential equation (1), and (4) three linearly independent 
solutions ¥;, /2, /3, of the same, so that the zeros of y,, 42, y, will succeed each 
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other in any arbitrarily prescribed order. It will suffice to show that there 
existsa completely regular curve C without points of inflection which cuts the 
sides of the triangle of reference in any arbitrarily prescribed succession, since 
such a curve is the integral curve of some equation (1). The existence of such 
a curve may be readily seen as follows: Let C be drawn up toa point 2 not on 
a side of the triangle of reference ; the curve C may be extended beyond P? 
without the introduction of points of inflection, so as to cut any assigned side 
of the triangle. The method of extension is given in the adjoining figure 











f w=O0 oN 
yf Pe C C 
a \ 
v=0 ae + % 
. 
/ u=0 





Fic. 1. 
(Fig. 1). By a succession of such extensions, C may be made to cut 7, = 0, 
mw, = 0, w, = 0 in the desired order. 

It is only when we consider the solutions 7, #2. 7; and 2), 22, 2; together 
that we obtain a Separation Theorem concerning the order of the zeros of 
these six functions. 

(FENERAL SEPARATION THEOREM. Between any two successive zeros of 
UF (or of 2) there are an odd number of zeros of Yr and 21 together, where 
(¢, ky 71) is any permutation of (1, 2, 3). 

Proof. If we can prove that between any pair of successive zeros of 7; 
there are an odd number of zeros of 7, and z; together, the theorem will follow 
by considerations of symmetry and duality. We may suppose without loss of 
generality that the line 7, = 0 of the projective plane goes over into the line 
at infinity in the Euclidean plane. The are of C corresponding to values of 
x between the two values for which 7, = 0 is then a single branch of the curve. 
The line #, = 0 is some line in the finite plane. The geometrical interpreta- 
tion of the condition 7, = 0 is then that the curve C cuts this fixed line 7, =0; 
the interpretation of the condition z; = 0 is that the tangent line is parallel to 
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the line », = 0, in other words, passes through the intersection of w, = 0 and 


w, = 0. 











Now (Fig. 2) if the arc enters on one side of w, = 0 in this plane and 
leaves on the other there are an odd number of zeros of 7, and an even num- 
ber of zeros of z;; otherwise there are an even number of zeros of 2, and an 
odd number of zeros of z;.. In either case the theorem holds. 

Self-Adjoint Equations. If the integral curve C is self-dual, equations 
(6) and (7) are identical since the normal form (6) is unique. The con- 
dition for this is plainly , 


In this case, which possesses especial interest, 2), 22, 7; must be linearly 
expressible in terms of 4, 2, #/3: 


2 = Cy + Cree + €i3/35 


22 = Coy + Cort/z + Ca3//3, 


23 = Cay + Coote + Cygi/3- 


Since the solutions z,, 22, z; are linearly independent, the determinant of 
the coefficients is not zero. Hence one finds from the first equation (5), by 
substitution of the expressions above for z,, 22, 23, that 

Cri + C222 + C3343 + (C25 + C32) Yrs + (Os + C13) Ma + (C2 + Cr) ye = 9, 
the equation of a conic unless 
Cy = Cyp = Cg = 0, Cog = Copy C3, = — C435 O23 = —Cy- 


These conditions cannot all hold since, if they do, the determinant of the 
coefficients will be zero. The integral curve C' must be an arc of the conic, or 
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the entire conic. In the latter case as x increases from a to 4, the correspond- 
ing point /? may traverse the conic in one sense any number of times, making 
y complete circuits and a partial circuit. 

The above considerations lead us at once to the following theorem : 

SEPARATION THeoreM. Self-Adjoint Case. There exist solutions of 
any equation (1) reducible to self-adjoint form which nowhere vanish in (a,b). 
If yand y, are solutions of the equation with at least one zero in (a, b), the 
zeros of y, and y, either separate each other singly or in pairs. 

Proof. In fact, there exist straight lines which do not cut the conic, and 
therefore solutions which do not vanish, since the condition 


Ai + 2/2 + azy3 4 0 
is equivalent to the condition that the conic does not cut the line 
ayy + ayy + agrs = 0. 


Also, of two straight lines which do cut the conic, say in 4, 1/, and 1, 
V,, respectively, either 7, and .V, separate .V, and UV, on the conic, in which 
case the zeros of the corresponding solutions occur alternately as we traverse 
the conic; or these pairs do not separate each other, in which case we have 
first two zeros of the one solution, then two of the other, and so on. 

If C is merely an are of the conic no solution vanishes more than twice 
in (a,%) although the theorem still holds. 

Transformation of the Independent Variable. In obtaining the normal 
form (6) only a multiplicative transformation of the dependent variable, 


y = Ys (A + 0), 


was made use of, while it is known that (1) also remains linear when any 
transformation of the independent variable 


a = o(x), ($' + 0), 


ismade. From the standpoint of the geometrical interpretation, the second 
transformation changes the parameter of the curve. 
What is the simplest form of the equation obtainable by a suitable com- 


bination of both transformations ? 
First, if the equation be reducible to self-adjoint form the locus of the 
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point (//;, 25 /3) is a conic, and a suitable transformation of the variables 
will reduce /,, /:, #/s to the form 


yy, = COS &, yg = sin wv, 43 = 1, 


no matter how many times the integral conic be traversed. Hence a normal 
form in this case is 


yf" + 7 = 9%, (asxursb). 


Likewise, since the equation (6) may be written 
mr ! q R — 
y" + ay + (5+ B)y=0, 


one sees that the transformation which reduces the self-adjoint equation 


(&) yf" + qy' + i y=9 


to the preceding normal form will at the same time reduce (6) to an equation 


(9) vy +y7+hy=09, (a=x.5h). 
The Forsyth-Laguerre normal form is 
y+ Ry =; 
in this case the self-adjoint equation (8) has becn transformed to the equation 
vy" =0 
with solutions 1, x, z*. Since the equations 


w,=1, Ws = 2, We = x* 


give us each point of the conic once and only once, this transformation is not 
proper unless the interval (a, 4) is so small that the integral curve of (8) is 
an arc of the conic. 

3. Separation Theorem for Regular Intervals. The somewhat 
indefinite character of the first Separation Theorem is due in large measure to 
the fact that the integral curve C' may have a very complicated form; in par- 
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ticular it may have double points and double tangents. A regular interval 
(a, 4) is detined to be an interval such that the corresponding integral curve C 
is either an oval, or has no double points or double tangents except where CU’ 
touches but does not intersect itself. On account of the fact that double 
points and double tangents are dual notions the interval (a, 4) will be regular 
for the adjoint equation (4) if it is regular for (1) itself, and conversely. It 
is obvious that any interval can be separated into a finite number of regular 
intervals. 

SEPARATION THEOREM FoR RecuLar InTERvaLs. Jf (a, b) is a regular 
interval there will exist a solution y, of (1) which is of one sign in (a, b) and 
a family of solutions c, 2 + C33 such that the zeros of any two members of the 
Samily separate each other. 

Proof. The theorem is clearly true if the integral curve is an oval, so 
that this possibility is at once disposed of. 

Assume first that the arc AB corresponding to the interval (a, 4) does 
not cut some line of the projective plane, which is taken to be the line at in- 
finity in the Euclidean plane. On account of the hypothesis that (a,b) is 
regular, it is clear that AZ will be spiraliform (Fig. 3). We are not 
excluding the possibility that A or B or both lie on the line at infinity. 


A 


B 


~ yy, 


Fig. 3. 
We shall now show that there exists such a line in every case. Construct 
the tangent / at a point ? of AB. As P moves from A to B along the are 
AB, the line/ will not at first cut AP. There must, however, bea least value 
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of x, say £, such that for slightly greater values the corresponding tangent 
1 willeut AP; otherwise the tangent line at B does not cut AB and we are 
brought back to the previous case. Furthermore, the tangent corresponding 
to x = £ obviously passes through A. If this particular tangent line be chosen 
as the line at infinity, it is clear that AP will correspond to a single branch 
of AB, without inflection point or double point, of course, and that accordingly 
there exist lines 7, which do not touch A/’. Now take such a line J, as the line 
at infinity, and the are A/? will have the form indicated in Figure 4. 








Fic. 4. 


From this figure it is clear that, since there are no double points of inter- 
section, the entire arc A must lie between the are .1/ and the tangent at 2’. 
Hence this case is reduced to that first considered. 

Thus the integral curve C is spiraliform in all cases. It should be 
noted that an oval is to be looked upon as a limiting form of a spiral. 

Any line which does not havea point in common with AZ will correspond 
to a solution ¥,, which does not vanishfor a = x =. Likewise all the lines 
through a point in the interior of the integral curve (see shaded region in 
Fig. 4) will correspond to a linear family 


C242 + C343 
whose zeros separate each other. 
4. An Auxiliary Formula. We shall now derive an auxiliary 
formula upon which for the most part the further theorems will be based. 
Let 41, Y2, ys be three linearly independent solutions of a given linear 
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differential equation (1),and 2,, z,, 2, the corresponding solutions of the adjoint 
equation (4), and let us write 


(10) $(x,&) = x(x) (E) + yo(x)22(E) + y3(x) 29(E). 
The relations (5) are then 
(11) $(&, E) = $,(&, §) = 0, $,(€,&) = 1, 
where our notation is 

$, (x, &) said ’ $;(x, E) = rs ete. 


Take now (1) in the special form (6) and consider the modified equation 
(12) y" + qy' + (r+ R)y = 9, 


which may be written in the form of a non-homogeneous linear differential 
equation 


mn 


(13) y"+qy + ry =f=— Ry. 


The general solution of this equation may be written 
(14) Y = iy, + C22 + Css + face, E) f(&) dé. 


In fact by direct differentiation and reduction by means of (11) one tinds 


yi = Cy, + Cos + C33 + [ by(z, &) fede, 
yl" = cyt + cay! + cay! + / ga(x, £) flé dE, 


y= ayy" + Cay! + cys! + fe) + I] a(x, €) flédE. 


Substitute these expressions for y and its derivatives in (13). This equa- 
tion will then reduce to an identity by virtue of the fact that ¥,, y2, ys and 
$(x, &) are solutions of (6), which proves that the expression for y given by 
(14) is the general solution of (13). 
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The function 
N= OY) + V2 + Ys 


is a solution of (6), and from the above equations we see that it satisfies the 
conditions 


(15) y(a) = (a), y'(a) = (a), y''(a) = 9"(a). 


Thus we may rewrite (14) in the final form 


(16) y=n - [$0 £) R(E) y(E) dé, 


in which ¥ and » are corresponding solutions of (12) and (6) respectively, 
related by equations (15). This is the desired formula, and it represents, 
of course, nothing more than the solution of a special non-homogeneous linear 
differential equation. 

5. Test for Regular Intervals. A regular interval (a, J) is said to 
be of the first kind if the tangent at 4 does not meet the arc .1 2 at any second 
point (see Fig. 4), and of the second Kind if the tangent at LB does not meet 
the are AB at any second point. According to this definition a regular in- 
terval may be of both kinds. We shall take the interval (a,) to be of the 
first kind, stating, however, the results for both cases. 

It follows at once from the definition, as has been noted, that if (a,/) is 
a regular interval for equation (1), it is alsoa regular interval for equation (4), 
the three solutions z,, 2,, 2; of (4), given by (3), now being interpreted as the 
codrdinates of a point. Let the corresponding point locus be the curve D. 
Then JD is obtained from C by a polar reciprocation and a suitable projection. 
Furthermore, if («, 4) is regular and of the first kind for (1), no line through 
B is tangent to the curve C atany other point than / (see Fig. 4). There- 
fore, in thecurve D, no point on the tangent through / lies on the curve D, 
i.e. D is of the second kind. 

A necessary condition that (a,/) is a regular interval is that al/ the points 
of intersection of the tangent | at any point P of AB lie on one and the 
same side of P. Thus in the preceding figure (Fig. 4) all the points of inter- 
section of / lie in A/?and none in ’B. To prove the condition sufficient we 
have to show that, if it is satistied, the integral curve AB can have no double 
points or double tangents except where the curve CU’ touches but does not inter- 
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sect itself. Suppose there were such a double point AJ = N where WN lies in 
MB. Then the tangent at MW cuts the curve at NV, and the tangent at V cuts 
the curve at WZ. This is impossible if the condition is satisfied. If there 
were such a double tangent at Wand .V, where WV lies in /B, the tangent 
line in the vicinity of 4% would cut the integral curve in the vicinity of 1, 
and likewise the tangent line in the vicinity of V would cut the integral 
curve in the vicinity of .Z. This is also impossible if the condition is sat- 
isfied. Thus the validity of the condition has been demonstrated. Further- 
more it is clear from the figure that (a, 6) will be regular and of the first kind 
if no point of intersection of the tangent / lies in PL. 

The analytic phrasing of the geometric condition can easily be given in 
terms of the function ¢(x, &) defined in (10). For from the equations (11) 
it follows that the solution of (1) which corresponds to the tangent having a 
point of contact whose x is &, is ¢(x, &). Accordingly ¢(x, &) will not 
change sign for x > &, since the tangent at € does not cut the integral curve for 
points whose x is greater than &. Moreover, $(x, &), regarded as a func- 
tion of x, has a minimum at the point « = &,by (11). Therefore the analytic 
form of the condition is the following: the interval (a, b) is regular and of 
the first (second) kind provided that $(x, &) ts positive or zero for x > E(x<&). 

We are now in a position to develop the following test: Jf (a, 6) is a 
reqular interval of the first (second) kind for the equation (6) it isalsoa regular 
énterval of the same kind for the modified equation (12), provided that the 
inequality R= 0 (R20) obtains. 

Proof. The proof can immediately be made by means of the auxiliary 
formula (16) in which we take 


7 = p(x, a), 


where a remains to be specified. This choice of 7 is possible since $(2, a) 
is asolution of (6). We obtain then 


(17) y = (2, «) - [oe £) R(E) y(ED ae, 


when ¥ is that solution of the modified equation (12) which by (15) satisfies 
the conditions 


(18) y(a) = $(a, a) =0, y'(a) = ¢,(a, 2) = 0, y"(a) = (a, 2) = 1. 
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Accordingly y¥ is precisely the solution of the modified equation (12) which 
plays the same role for (12) that d(.r, a) does for the equation (6). There- 
fore if (a, 6) is not regular and of the first kind for the modified equation 
there exists some a such that the corresponding y changes sign for x> a. Let 
x, be the least value of x for which this is true. Then we have the equation 


0 = $(", a) — [8 ( E) RE) y(&) dé. 


But by hypothesis («,) is regular and of the first kind so that (29, a) 
and $(."), &)(#) > &) are positive or zero. Moreover /(£) is negative by 
hypothesis, and ¥(&) is positive for & between a and xz, by (18). Thus we 
have the sum of two positive or zero quantities equal to zero. Of these two 
quantities the second given by the definite integral must be negative ; for the 
first factor $(), €) of the integrand can only be zero for isolated values 
of « since $(x, &) is a not identically zero solution in & of the adjoint equation 
to (6), given by 
WN(to)2(E) + Yo(Lo)22(E) + Ys(%)23(E) 5 


likewise the third factor of the integral cannot vanish except at a, and 
£ on account of the way in which x) was chosen; finally the remaining factor 
(&) muy be taken to be not identically zero. Hence the above equation is 
impossible. 

The following special case of the test is important: The inferral (a, bh) 
is a regular interval of the first (second) kind for an equation 


(19) y" + qy' + (4 + i) y=0 


provided that R = 0(R 2 0) in the interval (a,b). 
In this case it is only necessary to identify the equation (6) with the self- 


adjoint equation : 


be ’ 


mr ' v] “i 
yoy +ar=%, 


for which any interval (a, 4) is regular and of both kinds, and to state the 
test for this special case, 
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Since any equation (6) can be written in the form (19) we have a method 

. of separating any interval into a sequence of regular intervals the first of one 
b: kind, the next of the other, and so on, the end points of these intervals being 
given by those roots of 72 = 0 at which /? changes sign. 

The regular intervals thus chosen have a special geometric property which 
however I shall not stop to prove: The successive osculating conics to the in- 
tegral curve lie one within the other at all points of such an interval, and at the 
end points the curve C and the osculating conic hyperosculate. 

6. Intervals of Oscillation. Comparison Theorem. It remains 
to develop the nature of the dependence of solution and coefficients. Anal- 
ogous to the notion of the interval of oscillation as the distance between suc- 
cessive zeros of a solution of an equation of the second order, is the notion of 
forward and backward intervals of oscillation. 

Consider the totality of those solutions of (1) which vanish at x =a; 
these solutions will form a two parameter linear family. Suppose that they all 
vanish again in the interval (¢, 4). The Jeast interval (a, 8), where 8 is 
greater than a, which has the property that all these solutions vanishing at 

x =a will vanish again in (a, 8) is called the forward interval of oscillation 
» | at x =a. Likewise the /east interval (8,a) where £ is less than a, which has 
the property that all these solutions vanish again in (8, a) is called the back- 

ward interval of oscillation at x = a. 





Fic. 5. 
It may happen that not all of the solutions which, vanish for x = a vanish 
again for « > a; in this case a forward interval of oscillation at x = a does not 
exist. Likewise a backward interval of oscillation may not exist. 
Let us now consider a regular interval (a, /) which, as before, is taken to 
be of the first kind. The integral curve AZ will then be a spiraliform curve 
with the point B in its interior (see Fig. 5). For such an interval (a, 6) a 
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forward interval of oscillation never exists, unless AZ is an oval or touches 
itself. Thus in the figure let 7’ be any point whose x isa; then the line PZ 
corresponds to a solution which does not vanish for 2 > a, since LZ does not 
meet PB at any second point. ~ 

The backwar:: interval of oscillation may however exist. Thus in the 
figure, the tangent to the curve AB at /? first meets the are <i Pat Q; if the 
point Q corresponds to x = 8, then (§, a) is the backward interval of os- 
cillation ata. Any straight line through ? meets Y/ again and this is not 
true of any shorter are ?Q’. Since ¢(x,a) corresponds to the tangent at a, 
the quantity 8 is the greatest root of $(xz,a) = 0 less thana. If the tangent at 
P does not meet A/ again, the backward interval of oscillation does not exist. 

It is apparent from this figure that any solution vanishes at most in two 
distinct points in a backward interval of oscillation (8, a) on such an interval 
(a, 6). Furthermore, if a given solution y vanishes for any value of z >a, 
it will necessarily vanish in (8, a). This is obvious from the figure also. 

Similar facts are true of forward intervals of oscillation if (a, 6) is of the 
second kind. 

Comparison THEOREM. Jf (a, b) be a regular interval of the first 
(second) kind for the equation (6), and if RSO(RZO), the backward 
(forward) interval of oscillation (8,,a)[(a,8,)] atx =a for (12) ts smaller 
than the like interval (8,a)[{(a,8)] for (6). 

Proof. To prove this theorem we shall again employ the auxiliary form- 
ula (16). As ina preceding proof we shall take 


n= ¢ (x, a) 

and thus obtain again (17). Suppose now if possible that the theorem is not 
true, so that we have 8 2 f,. As we have already noted, the function analo- 
gous to $(x, a) for the modified equation (12) is precisely y of (17), which 
must then vanish for x = 8, but not for 8, <x < a, by the analytic condition 
obtained above, since (a, 4) is regular for (12) also. The two functions y 
and $(x, a) will therefore be positive throughout (8, a) since neither vanishes 
within (8, a) and since both are positive in the vicinity of a by (11). Put 
now x = 8 in equation (17). It reduces to 


ti = [ $(B, &) R(E) (E)dE, 


where $(A, &) is positive. But 2(£) is negative or zero. Therefore in this 
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relation are equated quantities, one positive or zero, the other actually nega- 
tive. This is impossible and the theorem must hold. 

We note the following result contained in the above theorem: The back- 
ward ( forward) interval of oscillation for the equation | 


! 
y" + qy' + ($+ R) y =0, 


where R 30 (R 20) is smaller than that for the self-adjoint equation obtained 
by taking R= 0. 








Fic. 6. 


Any equation (1) may be reduced to the normal form above by a known 
transformation. In the present section we have developed the dependence of the 
solutions on /?, by showing that if 2? is negative a decrease in 7? decreases the 
backward interval of oscillation. In the figure (Fig. 6) we have repre- 
sented by a full line the integral curve C of this equation and by a broken line 
the integral curve D of the modified equation. If (8, a) represents the backward 
interval of oscillation at a for the curve C and (8, a) the similar interval 
for D, we have §, > 8. For the sake of the comparison the curves 
have been taken with the same initial point and direction. It would 
now be desirable to give a comparison theorem which stated, in simple terms, 
the dependence of the interval of oscillation on the function g. If we increase 
q, however, it may be shown that the interval of oscillation may be either in- 
creased or diminished in length. In the self-adjoint case the dependence is 
more simple : 

Comparison Tueorem. Self-adjoint case. Given two equations reduci- 
ble to self-adjoint form, in particular to 


, 


y" + ny' + 4 y=9, 
(20) 
7d ’ q2 7 
y" + gy + Fy¥=% 
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such that q, > dz in (a, b) ; then the backward (forward) interval of oscillation 
of the first of these equations is less than that of the second. 
Proof. In order to prove this theorem we shall prove first that the back- 
ward interval (8, a) of oscillation of any self-adjoint equation 
” q(x 
(21) y+ qy + : y=0 
is precisely the interval of oscillation (8,a) for the linear differential equation 


of the second order 


(22) 2 + 


= O. 


Heir 


Let y be the solution of the equation (21) such that 
(23) y(a) = y/'(a) =e, y"(a) = 1. 


That is, 7 is chosen so that it is equal to (7, a) by (11). As has been shown, 
the backward interval (8, a) of oscillation at « =a is given by the largest 
root of y = 0 which is less than a. 

Now we have clearly, by triple integration by parts, 


/ yy"'dz = yy" —y? + y"'y- / y'ydz, 
and by a single integration by parts, 
[uci yax = gy — [ cay’ + q'y)ydz, 
Therefore we have 
”" ! q' " ” 9 ”" ' q' 
WY +19 +5 y)de = 2yy" — y+ 47 - [iy tay +5 WY dx. 


Remembering now that ¥ is a solution of equation (21) which furthermore 
satisfies conditions (23) we obtain 


2yy" — yy"? + 47 = 0. 
Make the substitution 


gat, of = Bar’, 9" = O(c” + 2%), 
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in this last equation, and, on the removal of a factor 42° it will reduce to the 
linear differential equation (22). It is clear that, as thus determined, z will 
be a solution which vanishes at « = a. And 8 will be determined of course as 
the greatest value of x less than a for which z= 0. Hence the backward 
(forward) interval of oscillation at a of the given self-adjoint equation (21) 
is given as an interval between two successive zeros, of a solution of the asso- 
ciated linear differential equation (22) of the second order. 

The theorem we wish to prove is now an obvious consequence of the 
Comparison Theorem stated in the introduction. 

The above reduction is not new. 

7. Oscillatory and Non-Oscillatory Solutions. The preceding 
paragraphs afford practical methods for obtaining an idea as to the distribution 
of the zeros of a solution of (1) provided the solution is known to vanish. 
The following theorem often enables one to determine whether a given solution 
is oscillatory or non-oscillatory in the interval (a, 4) i. e. whether the solution 
vanishes or not. 

Tueorem. Let (a, b) be a regular interval of the first (second) kind for 
the equation (6), and suppose that RR S0 (R20). Let n and y be solu- 
tions of (6) and (12) respectively, so related that 


y(a)=n(a),  yY(a)=7 (a), y"(a) = 0"(a). 
The inequality 
(24) lyi < |” 
obtains for values of x less (greater) than a and within the backward 
(forward) interval of oscillation at x = a untila value of x is reached for which 
y = 0; the inequality |y\|>|n| obtains for all values of x greater (less) than a 
until avalue of x is reached for which n = 0. 

Proof. If the inequality (24) fails to hold for x <a, it will certainly 
fail to hold before an x is reached for which one has 7 = 0. In fact, otherwise, 
for this « we have y = 0, by (24), and the theorem does not say anything 
about ¥ for lesser values of x. Therefore if the first part of the theorem does 
not hold, the inequality 


(29) ly 
is true for some x < a, say 2, in the backward interval of oscillation (8,a), 
such that neither ¥ nor 7 vanish in (.), a). 
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But + and 7 have precisely the properties that they had in the auxiliary 
formula (16) so that 


y(m%) — 9(%) = | (xo, £) R(E) y(€) aE. 


The left hind member in this equality is of the same sign as (2x9) or zero, since 
(25) holds at x =2,. The right hand member is of opposite sign to v(x»), since 
R(&) is negative and $(., &) is positive, x) and & being contained within the 
interval of oscillation (8,a) (see Fig. 5). This equality cannot hold and the 
first part of the theorem is true. 

The second part of the theorem is proved in an analogous way. An 
equation 


y(%) — 9(%) =- i] (x. &) RE) W(é) dE 


will be obtained if the theorem is not true, in which z) > a is an «x for which 
|y| =|! while neither 7 nor » change sign in (a, 2)). Inthis case too /?(€) 
is negative and $(.r), &) is positive. As before, the two members of this equal- 
ity would have opposite signs. 

The relation of the two solutions is given in the figure (Fig. 7). 














Fua.7. 


The following application is at once obvious: Jf » and y are solutions 


mt / 


: ; t U U 
of the equations y'" + qy' + oV=9 and of = y'" + qy' + (4 + R) y= 0 


respectively, where R = 0 (R20), and are so related that 


y(a) =n (a), y'(a) = (a), y"(a) =n"(a), 
then |y| < |n| forz <a(x >a) and ly\>\|n| fore >a(r<a) untila value 


of « ws reached for which y = 0 and yn = 0 respectively, 
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In fact the interval (a, 6) under consideration is regular and of either 
kind for the self-adjoint equation. 

8. An Example. It is possible in many cases to form a good idea of 
the character of the solutions by means of the preceding results. As an illus- 
tration we consider the equation 


y" + y' + ry — 0, 
to which the adjoint equation is 
2" 42 —az=0. 
We choose 4;, #2, 3 as the principal solutions at « = 0: 


nO) = 0, ni (0) = 0, yy (0) =l1, 
¥2(9) = 0, UF (0) = |e UP (0) = 0, 
¥3(9) = Be 3 (0) = 0, 3 (9) = 0. 


The adjoint solutions (see equations (3) then satisfy the conditions 


z(09)=1, 2% (0) =0, zy (0) =—1, 
z, (0) = 0, z, (0) =—-1, z} (0) =0, 
z, (0) = 0, z, (0) =0, zz (0) =1 


The interval x < Ois regular and of the first kind (test for regular in- 
tervals, special case) and the interval x > 0 is regular and of the second kind. 
Each of the corresponding parts of the integral curve is therefore spiraliform 
with the point A corresponding to x = 0 in its interior. 

Furthermore it is clear that ¥,, 3, 2), 23, are even functions of x and that 
Yo, 2, are odd functions, since the equation is unchanged if —a be substituted 
for x. The integral curve must be symmetrical with respect to w, = 0. Hence 
the integral curve has the form indicated in the schematic figure (Fig. 8). 

The zeros of y, and y, and indeed of any two members of the linear 
family c, 7, + Cz Yz, Will alternate for z > 0 and for x <0 (Separation Theo- 
rem for Regular Intervals). 

In order to consider the question of the distribution of the zeros of ¥;, 
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¥, for x > 0 we note that the forward interval of oscillation will decrease with 
increase of x and always be less than that of 


y" + =0 
which is precisely 27 (Comparison Theorem). Hence as x increases the 
successive zeros of , and of , come at intervals none exceeding 27 and 
tending to zero. 
The function ¥; also vanishes for x = ., > 0, as a direct computation 
shows. The successive zeros of ¥;(.) will fall of course at intervals less 
than 27 which tend to zero as x increases. 

















Fila. &. 


9. The Theorems of Liouville. The only known theorems of the 
kind we have been considering concerning the solution of the third (and 
higher) order equations appear to be those due to Liouville.* 

The type of the equation considered is 

d d d 

secs ME ete Me Av = 0 

dz” da dz? °V=" 
where A, Z are positive in (a, 4) and A is a parameter. Now when A = 0 
one finds by direct integration that 


Le ae | 
o(#,a) = | L | ke dx. 








* Liouville’s Journal, vol. 3, pp. 561-614 (1838). 
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This function does not vanish for z 4 a. Hence for \ = 0 the interval (a, b) 
is of the first and -econd kind, the corresponding are AB has the shape of 
a part of a convex oval. Suppose now that the equation is reduced to the 
form (6) and that X is made to increase. By the test for regular intervals and 
the Comparison Theorem, the interval (a, 4) remains regular of the second 
kind and the forward intervals of oscillation decrease. In addition, we know 
by the theorem of §7 that if we fix y, y', vy" at x =, the first greater value 
of x for which y = 0 will decrease with increase of X. 

The results of Liouville are still more definite, such as the following: If 
we consider a particular solution 7() for which at « =a 

d d d 
¥ = 4, a9 = b, qa dg! = a>, b> 0, c>0, 
all of the greater values of x for which y vanishes must decrease with increase 
of X. 

This result is equivalent to his oscillation theorem which states that there 
exists one and only one value of A, say Ap, for which + vanishes at 6 and not 
within (a, 4), and one and but one value A,, such that 7 vanishes at 6 and once 
within (a,/) and so on. 

Liouville’s results belong to another category than those which we have 
obtained. We have given only theorems concerned with any arbitrary in- 
crease of the coefficients. A special kind of variation was considered by 


Liouville which is however of great importance. 


PRINCETON UNIVERSITY, 
JUNE, 1910. 



















RSE Re ee ES Ey 























eet 





ARG Seat Z 
. SOP My 


_ 


Deere. 6A 


1-2 MERIIER 
. 


ne ers 
= 





+ ener 





APPROXIMATE REPRESENTATION 


1. Introduction. 
paper could be made to give the received coefficients in a Fourier or in a Zonal 
Harmonic development appears to have been first noticed by Plarr who com- 
municated his discovery through Bertrand to the Comptes Rendus in 1857.* 

Later Toeplerf and Gram{ who were apparently unacquainted with 
Plarr’s paper used practically the same method as Plarr; and these methods 
have been employed to some extent by recent writers on Integral Equations. § 

So far as I have been able to discover these writers have usually confined 

their attention to the one-dimensional case, although some of them have men- 
tioned that the methods they employed could be extended to the case of two- 
dimensional and three-dimensional problems. 
_. _That the methods here discussed furnish a very convenient and powerful 
tool in dealing with problems in Mathematical Physics which require the use 
of the so-called " Harmonic Analysis” is not, however, generally known, and I 
have found them so useful in my own work that it seemed to me worth while 
to communicate them to my fellow workers. 

2. The Mean Square Criterion. Suppose that f(z) and F(x) are 
two given functions and that we wish to regard the second as an approximate 
representation of the first over a specified range of values for z, i.e., 
I) < “ < x,; is there a convenient criterion by which we can judge the excel- 
lence of the approximation ? 

When such a representation is used it is ordinarily desirable that the ab- 
solute value of the error FE = f(x) — Fc), which of course is a function of x, 
should be small for all values of « considered. Of course in that case 
B= ([f(*) -— F(s) ill be small and [ £7], the mean value of E* over the 


range in question, will be small. 





* Comptes Rendus, vol. 44, p. 985. 
+ Wiener Anzeige, vol. 18, (1876), p. 205. 

t Crelle, vol. 94, (1883), p. 41. 

§ M. Bocher, An Introduction to the Study of Integral Equations, pp. 52-60. 


By W. E. Byerty 


Tuat the Least Square criterion employed in this 
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This [ #*], the Mean Square of the Error, that is, the mean value of the 
square of the error 7(x) — F(x), over the range in question, we shall use as 
the measure of the excellence of our approximation. The smaller [ £?}, the 
better we shall call our representation. 

Of course, since the mean of a set of positive quantities cannot be zero 
unless every one of the quantities is separately zero, our representation is 
exact if [£?] = 0, and in that case f(x) and /’'(x)are equal for all values of x 
between zy and x. 

It is easily seen that 


[2] =a; [ Yo - Fer ac. (1) 


3. Determination of the ‘“ Best” Coefficients in an Approx- 
imate Representation of Specified Form. Let /(x) and ¢,(x) be 
given functions® of x and let us try to determine a constant coeflicient a, so 
that a, $,(«) shall represent f(x) over the range from x, to x, as well as pos- 
sible. 

The problem is a very simple one in maxima and minima. 


[2"] = = [PU - ade dae, 


xy = Se. 





regarded as a function of a,, is to be made as small as possible. Write 


ll EB? 2 * 
Eat = — —— | [ f(x) — ad,(x)] o)(x) dx = 0; 
da, ri — Xo Je, 
we get a, = [11] 
44; 
where A, = | “(o(x) Pe 
and C,= [re g(x) dx; 


then | #"] == t. = [ [ere — 2a,C, + ai, |. 
[= Je 





* Throughout this paper we shall suppose that the functions employed are of a ‘‘re- 
spectability " above suspicion; finite, continuous, single-valued, integrable, and differentiable 
over the range or throughout the region considered. It is true that in many cases some of these 
limitations may be dispensed with, ‘‘ but that is another story.” 
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But from [II} 2a,C, = 2aj A). 
Hence 


ih) 





. Having found a, let us now determine a, so ths iti 
4. Having found a, let letermine a, so that the addition of the 
term a, $:(.°), $,() being another given function, shall improve our repre- 
sentation as much as possible. To dothis we have only to determine a, so 
that a, ,(.) shall represent f(x) — a, $,() as well as possible, and we get, 
by §3, 
ry ‘zy 
[F(2) blade — a | bi(7) bx(x) ae 
JF, ze, 
_= aden ’ 


a. ——_—— 


[ foc Fee 
or, if ¥ 


Ay = [ieee dx, <A,= [ ($:(x) P dr, C,= [7 b(r) dx, 








O,= [7 $,()dx, and By, = [aoe dv, 
then ; 7 





and [ 2] ee. [ | Cf (x) Pde — at Ay — a]. [Vv] 
a = Lo ep . 


5. Let us go back and determine the coellicients 7, and a, ab initio so 


that a, $,(2) + a, ¢,(#) shall represent f(.) as well as possible over the 


range «, to 2%. 
Here we havea problem in maxima and minima of a function of two inde- 
pendent variables. 


- 1 ¥ - 
| 2] al fiv@ — NG(£) — a,$,(x) }? dr; 








1— %o 
write 
of BE?) —2 zy 
ts [Br — andi) — abel] ulate = 0, 
omy 4 — Xo Jr, 
o[ E?] —2 *y 
i ~ L, — Ly [iro — (©) — Ogb_(x)] $o() dx = 0. 
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To get a, and a, we have to solve the linear equations 
Ay + Bi» a, = C1, [VI] 
Bom + Aga, = C,, 


where the notation is the same as in §4. 


1 % , 
[=] = [ | [ f(x) }*dx + ajA, + a3A, — 2a,C, — 2a,C, + 2aa,B2 |. 





~ y — Xo 
From [VI] 2a,C; = 2ajA, + 2,0,B, 9, 
2a,C, = 2a3Ay + 2a,a,B, ». 
Hence 


|=" == = | | (f(x) dx — aA, — aid, — 2a,09B,2 |. [VII] 
ty} — Lo Zo 


6. Example 1. (a) To determine qa, so that a,x shall be the best ap- 
proximate representation of sin z from x = 0 tox= 7. 


7 nr 3 
. ] Tv 

Cc", = iE sin cdx = wT, A, => [eu = 3 3 
& 0 e 


Oo s._.. 
a = = Fy = 0.8045 


Here 


and sin « = 0.304. approximately if 0 < «<7. 
As our test of the excellence of our approximation we have, since 


— ie 

sin? zdx = —, 

0 2 
1 


lrr 9-2 3 
Pie is <= les ~— eG. 
| # ] 7 E mw 3 2 « 
It is interesting to note that should we take for sin < the first term of the 
familiar power series 
oo a 
sh 
we should have over the same range 


” 
T- 


[2] =7 - ; = 1.789. 








| 
| 
| 
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(6) To determine a, so that the addition of the term a,z* shall improve 


our representation as much as possible. 
Here A, and C, have the same values as in (a). 
T° 


C, = tr — 67, and By. == 3 


A, => 


Tr 
w=? 
( 


3 
w=3([5-s = — 0.015; 


mw 1 5 T 


and for 
sin z = 0.3042 — 0.01525 


[2] - : [5 a“ =<! a 7% | = 0.0307. 


(c) To determine a, and a, so that a,x + a,x* shall represent sin z as 
well as possible over the range 0<a<7. Here «Aj, Ay, Ci, C,, and B,, 
have the same values as in (4). We have 


13 1° ca 1! —_ 
a + th =f, a + 7% = 7’ — br. 
Hence 
15 /3 
Onin (5 — ) = 0.8576, 
2a° \ 3 
35 15 
= — —)= — 0.09: 
w=54 (1-5 1.09348, 
and 


sin x = 0.85762 — 0.093482z3 


approximately if 0 <2< 7. This last approximation is excellent since 


1 3 7 5 
|=] == E _ wai ie + ~% | = 0.005. 


Should we use as our approximation 
snr=Zz— 3! 


we should have 


[ E?] = 0.4008 


over the same range. 
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7. Example 2. (a) ‘To determine a, so that a, sin x shall represent 
x over the range from 0 to 7 as well as possible. 
Here 


" . 
A, = [sin dx =F, (y= [asin ede=n, 
0 0 


wl 


y 
qQ= ua a 3, 
A, 
and 
x=2sinz 
approximately (0 <x <7). 
As our test of the excellence of the approximation we have 


9 


1 7 7 
yey = — -«— 2% a = 2 ae 5 ee. 
[2 ] T FE * | 3 asia 


(5) To determine a, so that a, sin 3x shall improve the value just ob- 
tained as much as possible. 


Here 
A, = [sw 3x dx = a 
aa . 
C, = |[xsin 3x dz= = 
7 0 3 
Bya= [in x sin 3x dx = 0, 
0 
so that ‘ 
Qy = : 
here lpn 2 oS 2 
~ oe i Tg Fe 
| #*] - =| ‘pio | g-t-g . 


(c) To determine a, and a, so that a, sin x + a, sin 3x shall represent 
x as well as possible over the range0<2<7. We have 


T 7 Tv 
= ° —(lo = - 
" lentes 92 = 3° 
so that 2 
a, = 2, and ae= 53 
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8. Example 8. To determine a, and a, so that q sin x + 4, sin’x shall 


; 7 
represent sin 3x as well as possible over the range 0 < x < > 
“wr /2 
e vie 
ay, = | sin? x dx = -, 
4 
0 
pe oT 
A, = | sin® x dx = —, 
P 32 
a/2 ; 3a 
B,,= / sina sing xdr= ,., 
id 0 16 
C; = [sic 3x sinx dx = 0, 
0 
_— - 
C, = | sin 3z sin’ x de = ——-. 
0 16 
T BY ig 0 37 4 Hyg T 
—@f — Wb = — — (i = —— _ 
al Se it, ig ““ * 32% 16 
Hence a, = 3, 
(lg = —4, 
2[7 9r 5 3 
1 et ak ew ee oe 1. oe > 84+ 2 | oe G, 
l= ala 4 ioe 


and the representation is exact, and 
sin 3x = 3 sin « — 4 sin® x 
Tv 
for all values of x between 0 and > 


9. The method of §5 is easily generalized. Let it be required to deter- 
mine @,, 4, +--+ -, a, 80 that 


_s 
ps Ay ( 2X) 
k= 1 


shall represent f(x) over the range x) < x < 7, as well as possible. 
We find that the coefficients can be obtained by solving the n linear 


equations 
k=/-1 k=n 
DS Burne t+ Amt DS Byway = C4 (1=1,2,3,---0.)) (VOY 
k=l kol+1 
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\ " i=n k=n—-1 l=n 

|=] ~ ty — ot [treo dx — » Aaj —2 yi > By Ay ¢ (1X) 
1 0 Be k=1 k=1 l=k+1 


where A, = | {ee(a) }? dx, 
By = [eo $,(x) dx, 


and C,.= [v@ g(x) dx. 


If we desire to correct our representation as much as possible by the ad- 
dition of another term a, 4; $,41 (“), 





k=n 
oe. = S* a, Br» - 
2 ita [X] 
a = 
a+il— 4 , 
+*4n+1 
and 
1 4 1, * k=n+1 k=n-—-1 l=n i 
[ 4] ae [i re} dx— NY Aai-2 SS Buaga §, 
ry — .! 0 / - ® , a , a \ 
: k=1 k=1 l=k+1 } 
or [ £7] = [ £*] - Angi C4 [XI] 


10. Orthogonal Functions. A pair of functions the integral of 
whose product taken over the range x7) < « < x, is zero we shall call orthogonal 
over the range. 

That is if 


onl) $,,(*) dx — (0, 


,(x) and ¢,(.«) are orthogonal over the range x) <x < 7. A set of functions 
such that every pair is orthogonal over our range we shall call a set of ortho- 
gonal functions over the range. 

If in §9 the functions $,(2), $:(%), +++ by41(”) are orthogonal our 
results simplify surprisingly. 


Since B= | ,.(2) (x) dxr= 0 





| 
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[VIII] gives at once 








es [XI] 
al, 
[IX] gives 
zy oe 
[ B*) = : = ns [ [Cy] de _ >» Aut | : { XIIT] 
- —_ Jr k=1 
and [X] gives 
(’ 
O41 = ro [XIV] 


while [XI], 
[ £7] = [ E?] — Ang) O41 ’ 


remains unchanged. 

We see then that if we are trying to represent (xz) as well as possible by 
the aid of a set of functions which are orthogonal over the range considered 
the coefficient «, of a term a, ¢,(.°) which would be the best one if we used 
that term alone is the best one if that term is used in combination with any 
others of the set, and is the best one if that term is to be added as a correction 
to terms of the set whose best coeflicients had been previously determined. 
Moreover since [ £*] is necessarily positive no matter how many terms are 
used in the represention it is clear from formula (XIII) that the addition of any 
term with its appropriate coefficient* if the term can form an orthogonal pair 
with every term already present diminishes the Mean Square of the Error and 
improves the representation. 

11. Corollaries. A few easy corollaries are : 

(a) If /(.) is capable of being exactly expressed in terms of the assumed 
functions for all values of x between «, and x, formula [VIII] §9 applied to 
the range) < “ < ,; or to any portion of that range will give the correct 
coefficients. Ifit has not been foreseen that exact expression is possible for- 
mula [IX] will establish the fact by showing that [£7] = 0. (Compare §8, 
Ex. 3). 

(5) If it is known that for all values of x in a given range f(x) can be 
expressed as a series of terms of the assumed form, and all the functions 





*It must be kept in mind, however, that the appropriate coefficient C,/A, may happen to 
be zero, in which case of course the improvement is null. 
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$.(“) employed are orthogonal over the range, formula [XII] §10 will give 
the correct cvetticients of the series. 

(c) No development of f(x) in a series whose terms are orthogonal 
over the range over which the development is to hold good can be correct 
unless the set of forms ¢,(«) employed is a complete orthogonal set; that is 
unless all forms are present which might be inserted without preventing the 
whole set employed from being orthogonal.* 

(d) Since in computing the value of a function by the aid of a series 
into which it has been developed one can use oniy a limited number of terms, 
the check given by the value of [ Z*] is as valuable in practical applications in 
Physics when a valid series is employed for /() as when an approximate 
representation is used. 

(e) If in all that has gone before we replace function by point-function, 
range by region (one-, two-, or three-dimensional), and integral over the range 
by integral throughout the region, none of our formulas nor of our results will 
be changed in any essential particular. 

12. Trigonometric Series. Since sines and cosines of whole multi- 
ples of x form a set of functions orthogonal over the range — 7 < x < 7 the 
coeflicients of the terms of Fourier type that best represent /(.°) over that 
range are given by formula [XII] §10. 

But these are the familiar Fourier Coefficients. 


Let /(.“) = 44,+ 4, cos « + bcos 2x 4--+4+ a, sinx + a,sin2x+.-.-.- 


Then 6, = 3 | J («£) cos mx dx, 
© Ji 

1 t =. "f(z sin max dx 

anc am == [1 )s uv dx, 


[EH] = = {| firey dx — © > (ain + Vin) 


Of course if f(x) is developable in a Fourier’s Series our coefficients q,, and 
b,, are the correct coeflicients (v. corollary (4) §11). 

13. Let us obtain and test a few Trigonometric expressions for x over 
the range 0 < 2 < 7. 





* Apparent exceptions to this corollary are due to the fact that the appropriate coefficient 
4,/A, for a term of proposed form may happen to be zero. 
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“3 
Here, since when m and n are integers | sin me sin ne dx = 0, and 
0 


™ ‘3 
[eos mx cos nx dx = 0, while [sin mx cos nx dx is not generally zero, we 
0 


0 


can deal conveniently with a sine expression 
— ; 
x= > a, Sin mx, 


-" 
z= N° b, cor mx. 
aocemasf 


or a cosine expression 


These are 








= sinz sin2x sin 3x sin 4x _ ' 
z= 9° i 2 - = ref (1) 
a 4 ao cos bur cos bx 9 
p= FZ 2 [cos + Oe + +]. (2) 
_ wr 1 1° é 1 1 1 
‘i 1 - l * 1 a 7 ) 
since 2 ater =Z 


(v. Chrystal’s Algebra vol. II, page 243), and as is well known (1) is a valid 
development of x over the range 0 < 4 < 7. 
For (2) 


ae lfr rr 16 7? l 1 ] 
(e)=-(5-F-35 pt yt at )] =° 
in 1 1 i 1 a 
1@ — _— ocr = 
— tot gt 90 


(v. Chrystal’s Algebra, vol. II, page 243), whence 


1 14 os 
Tt gh Be = 963 


and as is well known (2) is a valid development of «. 


wT 
[ve mx cos nz da = 0 
“0 
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if m + n is even, that is if m and nare both odd or both ever. Sines and co- 
sines of odd multiples of x form, then, a set of functions orthogonal over the 
range 0 < x < 7, as do sines and cosines of even multiples of z. We can get 


sing sin3x sindzx 4 08 : 5 
2 =2( ‘ ‘ ee 7 (cose 4 Oo 4 PE te) ,08) 
l od T 3 


3 2 pe 


o* 








and = 


For (3), 


Ic? l 1 871 1 1 
"2 —_ “ re — Dx ee) & —_— _— —_— me ** = 
[B®] =(3 an( a+ zt ) =(+ a + at )] 0, 


sin me sin 4x sin 6x 
5-2 (=> : —— © ; +--+), (4). 





ince : + . = 
sin ptytpt: ok i 
For (4) 
™ 7 wT 1 1 1 
[EY] =" a7 (gt gtat:::) |% 


and (3) and (4) are valid developments of x from « = 0 to x = 7, which are 
not usually given in the texts. 

14. Spherical Harmonics. Our method gives the familiar coefli- 
cients in the case of the other //urmonic developments. 

(a) Zonal Harmonics. For instance since 


[P mit) P(x) dx = 0 


if m and n are integers, the Zonal Harmonics 7,,(x) form a set of functions 
orthogonal over the range — 1<a< 1. If we wish to express 7(x) as 


= Um Pry (x), 


T(2) Py (xd 
ag = h —--- =O [re v) P(x) dx, 


[beat *) }Pdx 


ue) = af [eoree- 2 aaa * } 


and 





= 





ren eee eres 
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The Zonal Harmonies 7,,(cos @) are orthogonal over the surface of the 
unit sphere. (Byerly’s Fourver’s Series Art. 92). 

If we wish to express /’'(@) in terms of Zonal Harmonics and to use the 
unit sphere as our region we have 


C.= | [#(@) (cos 6) sin @d@0 dd = 2r [Fe P,(cos @) sin @ dé, 


7 "r ») 
A; = [ | [P,.(cos 0) }? sin @ dO dd = aml 5p | 


Jv 


k 
a4}. 


the familiar value. Here 


- 1 4 ao ~— «7 
(E>) = —ial/l[F |? s —to7N am | 
Saat = n [FCO] ied a! 


(4) Tesseral Harmonics. The Tesseral Harmonies of both types, i.e., 
cos npP) (wu) and sin nd?" (wu), are a set of functions orthogonal over the 
unit sphere, unless in a pairof the same type the same subscript and the same 
index occur. (Byerly’s Fourier’s Series, Art. 105, and Art. 105, Ex. 2). 

Hence if 


a Com 
nm —~— , 
al nym 


where 


Chm = i [v0 d) cos nd P" (un) sind dO dd , 
JO fu 


2a (wi 4 ny! 


An = [- [costnt Pau)? sin@d@dd = 


2m +1 (m—n)!’ 
LA 
“nym 
and am — 1’ ’ 
4 uym 


where 


Ca [ | F(8, b) sin nb Pr(w) sin @ dOd}, An = Anns 
JO 0 


’ 
O,m 


and om = : 
Ao m 
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where 
' = fe dor 
— | [70 $) P,(u) sin @d0d$, Ay, =-—27—, 
Jo So . 2un+ 1 
then 


£9.) = S* | om P(t) + SS (dum 008 2G + by Sin nb) Pu )]. 
n=l 


m= 


(v. Byerly’s Fourter’s Series, Art. 107). 
Here 


[E®] = i=) | [ (1.9) }sin 000 ag 





.S » =m 9 

> les : “ha S*: wd Sod ae 7 (« n,n +1; Q 
— 2m + © hs — 2m + S (m — n)! : ‘ lasik , 
m0 u= 


15. Miscellaneous Examples. The examples which follow will 


give some notion of the convenience and power of the method of this paper 


in dealing with problems that require the use of the //armonic Analysis. 

In each of the first three examples a development of unity of importance 

problems ip Mathematical Physics is obtained and verified either directly 

or, as in Example 3, incidentally in the solution of an actual Physical Problem. 

The developments in Example 1 and Example 2 are familiar, but are us- 
ually obtained by other methods, that in Example 3 I believe is new. 

In Example 4 an approximate representation of unity in Bessel’s Func- 
tions which are not orthogonal is considered. 

In all the examples I refer freely to my Fourier’s Series and Spherical 
Hlarmonics. (Boston, Ginn & Co.) 


16. Example 1. To express | as 


— _ mre . nary 
NS* ay, Sin in." 
me, a , ad b 





Here our functions ¢$,,, (7.7) are easily seen to be orthogonal over the 


rectangle bounded by the axes and the lines x =a, y = 6. 





* y. Fourier’s Series, pp. 127, 128. 
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sy, nwze . wry 
Cran = sin —— sin —~ dy dx = 0, 
Jo JO a b . 


unless mand n are both odd, in which case 














, dah 
( —— = — 3° 
WUT 
' ‘es? max . awry / ah 
4 = sin* sin*—— dy dw = —- 
_— J0 0 a 4 . 4 
“wi. <s l . (2m4+1)rx . (2n41)ry 
Hence 1 =— | sin sin 2 

7” af fee (20+ 1) (2nu+ l ) a 4 

mad n= 0 

1 oie an | 2 1 


ap ah 25h ~ = 
Pathan. Oe SS +... 
ah 4 opt et het (201 + 1)°( 20 +1)?| 
m=O n=0 
but the double series in the last term is easily seen to be the square of the 


series 


that is the square of 7/8, and [ #?] = 0 and our expression is a correct de- 
velopment of 1 holding good for 0 <4 < aand 0 < y <4. 

17. Example 2. The Bessel’s Functions Fy ( pr), Ay (yr) are orthog- 
onal over the area of the circle whose centre is the origin and whose radius is 
a if and only if wa and ww are roots of the equation J,(.c) = 0, or of 
J\(z) = 9, or of wi (2) —AJj (2) = 0. (Fourier’s Series, Art. 125.) 


(a). Let us express 1 as ta, J)(u,7) if wpa is a root of J,(2) = 0. 


Bu 
Here a, = —," 


A, 
where 


6 


“lr fa “a 9 
C". =| / SJ,(u,r) rdrdd = 2m | Jy(u,r)rdr = = Ji (m,@). 
Oo Jo Jo PE 


(Fourier’s Series, p. 229 (6).) 
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ln fa “a 
A, =| | [vo (aan) ]? rere = 2m | [ Yo(uer) ] rer = wat] Ja(mua) }, 
0 0 0 
2 
and lig SE wenguyrane 3 
7 Hy Ad ( 440) 
Jy (u,7) 
and we get 1=2 ar, 
6 pa Mya) (m,0) (1) 
i 2 712 
Here [ 2] = - ra? — z ats [Ai(met) ] 
ce (my)? (J, (mp2) |? 
= 2: ra? — 4ra? : | 
Ta a (m,2)? 
The equation 
x? ort ah 
A(t) =1-3+ ap - aye + = 9 


may be regarded as an equation in z?, and the sum of the reciprocals of its 
roots is the negative of the coefficient of its second term. Hence 


ys! 1 
a—_d (mya)? ‘oa 4 
and [ £?] = 0; and (1) is a correct development of 1 over the circle whose 
radius is a and therefore over the range 0 <r <a. 
(6) If wa is a root of the equation xJ,(2) — AJA, (x) = 0, we have 
(v. Fourier’s Series, p. 22) 
27a 


C, = — d,(u,a), 
I — (4) 


m (A? + wyea®) [Jo(ma) 








A . — 
. My 
Qype e 1( pa} 2Qr 
and A, = = = - — = -— 3 -4 
QO? + we?) [Ao(mea) 2 OP + Hi) AH) 
1=2r Ss e 0 ( 4p.) (2) 


das (AF HP) To ( Ma) 








wan, 


2 oS mea, 





















es - 
eet: 
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TU (A? + pee)? [Ay (mye) |? Mj 
1 
= —; [ me — tru* barge 5 al . 
Ta (AP + My?) mya 
ne 1 1 


QO? + wie? )wia? (mya)? + pj 





The equation 
a. A. l r 
xd, (x) _— AS, (2) = oe ~ G + i) “we — G ao — a () 
may be regarded as an equation in 2. 


The sum of the reciprocals of its roots is the negative of the coeftlicient 
of the second term divided by the first term or (2 + A) (4A); that is, 


~. _- 2+A 
me a= 
- «i 


To get 
— 4 r2 +- Tris 


is not so easy. 

We must first transform F(x?) = «J,(2) —AJ,(r) = 0 into an equa 
tion whose roots exceed those of F'(.?) = 0 by A’. 

The constant term will be /’(— A?) and the coefficient of the term of 
first degree will be F’'(— 7). (v. Todhunters’ Theory of Equations, §54.). 


ul > ] 1 ; 
Here F(x") o = (xJ, (x) “- AA (0) ) => [ 0) ‘ seu). 
. , AST, (AL) 
— => rt r*) — S(Az) _ a 
a + ye? 7 Pl = d?) nd 2[ rts, (At) = J, (Ai) ] 


LSAT) — tA(At) 


~ WN TAAL) — Aydt) 20 


+ F ] je ae. 
> py.a? aay 77 ne » a’) Ver i 
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Hence [#*} = 0 and (2) is a correct development of 1 over the circle 
whose radius is a, and therefore over the range 0 <r <a. 

18. Example 3. A homogeneous cylinder of radius c and altitude } 
is initially at the constant temperature unity throughout. Its entire surface 
is suddenly cooled to the temperature zero and kept there. Required the 
temperature of any point in the cylinder at any time after cooling has begun. 

We have to satisfy the heat conduction equation 


Du = &{ Diu + : Du + Diu) (1) 
subject to the conditions 
u=0 when z=0 (2) 
u=0 when z=) (3) 
u=0 when r=c (4) 
u=1 when t=9 (5) 


It is not difficult to tind and it is easy to verify the particular solution 
u = e— + war J (ur) sin vz, 


where » and vare any constants. This value satisfies equation (1) and con- 
dition (2). 
" nT . — ° 
If v= . 2 it satisties (3). If « = w,, when «,c is a root of A(x) = 0, 
it satisfies (4). 
mtr? MTZ 


" = ~ spite 2) att . 
Let u => >D aime ( “2 tui) ‘ Jy ( ir) sln —_* 


This will be the required solution if 


MmITZ 


6 





1 = NS S*dgm Fo(u,7) sin 
of cee 
throughout the cylinder. 
The functions J,(4,7) sin — are easily seen to be orthogonal through- 


out the cylinder. 
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where 
b x fc / 
Cra = [ff] Jy (m4) sin = r dr dd dz 
0 J0 0 
2cb 7 y 
= — (l—cos mr) J,(u,c); (Four. Ser., page 229.) 
My 
rch ; ' ‘ ates 
Arn = - 2 [Ai(mc) ]?; (Four, Ser., page 229.) 


4(1—cos m7) | 
mm pC J\( myc) ” 





Qkm —_ 


and our expression for 1 is 


INTTZ 


4 1— cos mz J . NT. 
Pam. M,r) sin ——. 
= 7 ba p> mp ,c Jy ( u,C) o(H4") b 


. 1 , ~ 8hc?(1— cos m7)? 
| =] mee) [ me . a a mir yc 


(l—cos mm)? 4 1 1 1 |=s 
pa mar -<lz +*e* 3° 7 


m=1 











3? 
te) 








_= — (v. Ex. 2 (a) §17). 








2m+1)rz (me 2 \o2 
u m.. =. >> (Im +1) ~, Tuy) J, (uy) sin ( = )me e (= +m) art 
m=0k=1 

rigorously. 

19. Example 4. In the preceding examples the functions in terms of 
which we have had occasion to express unity have in every case been orthog- 
onal over the range or throughout the region considered. As an example of 
a different sort suppose we wish to express 1 in terms of Bessel’s Functions 
J(u.) which are not orthogonal over the circle over which the expression is 
to be used.* 





* For a case of this sort see a paper by B. O. Peirce, Proc. Amer. Acad., vol. 43, No. 5, 
Sept. 1907, p. 175, pp. 180-184. 
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There is no serious difficulty in getting any specified number of terms 
by the formulas of §6 of this paper. 
We have 


; a 9 
C; =| / Jy(mr)r dr do =~ J,(u,a) ; 
0 lad 
Ay = [0 [Ch (uir) Pv dr dg = met | [A(mia)? + [ACme)}% 5 
By, =f [ Jy (4,7) SJ ( mr) r dr dd 
0 


1 
= aia [Het Sy(mia) A, (mypt) — wt Jo( mya) Ay( ma) }. 


(v. Fourier’s Series, §§125-126, pp. 228-229.) 
For instance, if a single term «,/)(4,r) will suffice, 


’ 


C; 2S) (M10) 


a A” My tl (cme) + (Fimay) ] 


2] — — ALA Ct) J? ; 
[2] pia? [(so(mia)) + (4(ma)) | 


It we need three terms we have 











Aya, oa By 9g + By 343 = C1, 
By ga, + Aya, + Boga; = C2, 


By 30, + Bygdz + Agas = Cy, 
and 


[ # ‘| — [ x — Ajai — «lay — Ajajz — 2 (Bima, + By 3a,a3 + Bests 


20. Conclusion, It may be objected that the test of excellence used 
in this paper is a purely artificial one. It is, however, often a very useful 
one and for many purposes it is precisely what is wanted ; and it is in fact 
the test that a specified number of terms in any of the received Harmonic de- 
velopments always fulfil. 
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The method given here like other rough and ready methods, for instance 
that of Lagrange (Fourier’s Series, §§19-25, et passim), has nothing to do, 
except indirectly, with the question of development in series. Indeed if a 
development in series of the proposed form is possible the coefficients of a 
specified set of terms given by the method of Least Squares are not the coefli- 
cients of the corresponding terms of the series unless the functions happen 
to be orthogonal throughout the region considered. In other cases they 
give a closer approximation than would the actual terms of the series. 
(v. Ex. 1 (c) §6.) 

The check on the accuracy of the representation in any concrete case 
given by the value of [ #?] is useful even when terms of a true series devel- 
opment are employed and it is easily applied in any case since all the con- 
stants in [ #*] must have been calculated already in getting the coeflicients. 

If the functions used in the representation of f(x) are orthogonal 
throughout the region in question the labor of getting the coefficients is much 
lessened, since every one is obtained separately, and every additional one ob- 
tained adds to the accuracy of the result. 

If the functions employed are not orthogonal throughout the region the 
coefficients obtained are for many purposes the best possible, and whether or 
not the representation is accurate enough for the matter in hand is at once 
shown by the value of [£7]. 

In the subjects which gave rise to the Harmonic Analysis, i.e., in the 
Motions of Elastic Strings and in the Conduction of Heat, most of the devel- 
opments required are in terms of functions orthogonal over the range or 
throughout the region concerned, and the old theory worked well enough. 
In problems in Electricity and Magnetism, and in Hydromechanics similar 
developments where the functions are not orthogonal are often desired and to 
them the old theory gives no clue. 

Although our method has nothing to do with development in series ex- 
cept indirectly, corollaries (4) and (c) §11 show that it may often be of great 
service in that connection, and they suggest some beautiful little problems 
for the workers in the science of Integral Equations. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass., 
JULY, 1910. 
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NOTE ON CUBIC EQUATIONS AND CONGRUENCES 
L. E. Dickson 


In the AnnaLs for January, 1910, Mr. Escott has given certain cubic 
functions, for which the corresponding algebraic equations have either three* 
real roots or no real root, while the corresponding congruences have either 
three integral roots or no integral root. He did not, however, determine in what 
vases the roots of the congruences are integral and in what cases not integral. 
This problem will be treated here by two methods. Although the methods 
apply equally well to the other congruences, we restrict attention to that on 
page 90, which takes the following simpler form when « is replaced by z—a: 


(1) 3 — 2az* 4+ (2a—3)z24+1=0 (mod p). 


In no case is z= 0 orz=1aroot. Hence we may set 


(2) 2a = f(z) = th be 4 (mod p). 


If y and z are roots of (1), then f(z) =/(y). After clearing of fractions 
and factoring the resulting integral function, we get 


(y —2)(y2-—y + 1)(yz-—2 41) = 0. 
IIence the values of + are 
‘ 
(9) ™ 1—2’ z 
If any two of these are equal, then all three are equal and 
(4) 2—z+1=0. 


The roots of (4) are — and —o*, where o = — 4 + 4 /—3 is a cube root of 
unity. If p = 3, the only case in which (1) has an integral root is a= 0 and 





* [t should be pointed out that the three roots may coincide and give a triple root. 
(149) 
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the root —1 is then a triple root. Next, let —3 be a quadratic non-residue of 
p. Then (4) has no integral root and the functions (3) are distinct. Hence 
the p — 2 integers z, where 1 < z < p, give in sets of three the same value to 
(2). Thus there are $(p — 2) values of 2a for which congruence (1) has 
three (distinct) integral roots and 4(2p + 2) values for which it has no inte- 
gral root. For example, if p = 5, it has integral roots (namely, 2, 3, 4) 
only when 2a = 4. Finally, let —3 bea quadratic residue of p. When z is 
a root of (4), 2 =—land 2a = 3z, so that 2a = —3@ or —3@*. The p— 4 
integers z, not roots of (4) and not 0 or 1, give in sets of three the same value 
to (2). Thus there are 2 + 4(p — 4), namely 4( p + 2), congruences (1) 
having integral roots, and 4(2p — 2) congruences (1) having no integral 


root. For 2a = —3a, (1) has the triple root —w. For example, if p= 7, it 
has the triple root 3 if 2a = 2, the triple root —2 if 2a = 1, the roots —1, 2, 4 
if 2a = —2, but no integral roots in the remaining cases. 


The second method makes use of the criteria for the nature of the roots 
of a cubic congruence as developed elsewhere by the writer.* Let p be a 
prime > 3, and let J? be the discriminant (product of squares of differences of 
the roots) of a cubic 
(5) P+ By +b=0. 
The cubic congruence has a single integral root if, and only if, 7? is a quad- 
ratic non-residue of p; it has three distinct integral roots if, and only if, 22 is 
the residue of a square 81y? 4 0 and e = 4(—b + wy—3) is the residue of the 
cube of a number r + s/—3 in which r and s are integers ; it has no integral 
root if, and only if, 72 is a quadratic residue and eis not the residue of a cube. 
To obtain the reduced form (5) of (1), set z = y + §a. Then 


B=-— fe, b= —3.(4a — 3)e, c= 40° — 6a + 9, 
R= —4% — 27? = c*. 
We may take w= 1c. Then 27¢e =c(2a + 30). Now 
c= (2a + 3m) (2a + 3o?). 
If 2a is —3w or —3w*, (5) has the triple root y= 0. For the remaining 


values of 2a, 
2a + 3o@\ 3 2a + 3w* 
c= —_—_—_ 1 me SS ° 
( 3 )4, 75 ** 








* Bulletin of the American Mathematical Society, vol. 13 (1906), p. 1. 
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Hence the problem is to determine the values of a for which A is a resi- 
due of acube. Since A ¥ 1, each Al gives a definite value for 2a. 

First, let —3 be a quadratic residue of p. Then p is of the form 3/ + 1. 
Then A is the residue of a cube if, and only if, A’= 1 (mod p), as shown by 
Fermat’s theorem. There are |— 1 integral values of A + 1, and therefore 
/—~1=4(p—4) values of 2a. Incorporating the values —30, —3a*, we 
conclude that there are in all 4(p + 2) values of 2a for which the congruence 
has three integral roots, including the two cases in which it has a triple root. 


Next let —3 be a quadratic non-residue of p. Then p is of the form 
31—1. Since (4) is now irreducible modulo p, its roots —# and —* are 
Galois imaginaries and each is the p™ power of the other. To give a direct 
verification, 


(—@)” = —w*-! = —w—!(@*)! = —o’. 


Hence w’ = w*, so that A”? = 1/44. = Thus A’t'=1. Now 
(p+ow)” =p+ oc (mod p), 


when p and o are integers. Hence if “14 4 0 is the cube of an expression 
p + oo, we have 


AMY) = (p+ oaw)"-!'=1 (mod p). 


But the greatest common divisor of p + 1 and 4(p? — 1) is now l. Hence the 
conditions are that A’ = 1, A 4 1. Thus there are / — 1 values of A and the 
same number for 2a. The values —3@, —3* are now not integers. Hence 
the total number of values of 2a for which the congruence has three integral 
roots is 4(p — 2). 

The results obtained by the two methods agree completely. The second 
method furnishes an explicit equation A’ = 1 which is satisfied by the values 
of 2a yielding congruences with integral roots. To solve A’ = 1 (mod p), 
when p = 31 + 1, we have only to read off froma table of indices for the 
prime p the numbers .4 whose exponents are multiples of 3 (mod p — 1). 
For the case p = 31 — 1, we employ similarly a table* of indices for the Galois 
field of order p*. 


* Bussey, Bulletin American Math. Society, vol. 12, p. 21, vol. 16, p. 188. 
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The cubics obtained by Mr. Escott are included in the wider class of 
cubics whose discriminant is a perfect square. For any such cubic the roots 
are rational functions of a single root and the cubic admits of three linear frac- 
tional transformations into itself.f In the cubic discussed here these are de- 
fined by the functions (3). 


THE UNIVERSITY OF CHICAGO, 
JULY, 1910. 





+ Serret, Algébre supérieure, vol. 2, pp. 466-469. 





THE HARMONICS OF A STRETCHED STRING VIBRATING IN A 
RESISTING MEDIUM 


By C. R. DInEs 


We shall here consider the harmonics of a string, fastened at both ends 
and vibrating transversely with small amplitude in a resisting medium, the 
vibration being due to the tension in the string and to a force which is a linear 
function of the transverse velocity and the distance of each point of the string 
from its position of equilibrium.* 

It is well known that when a string vibrates in a non-resisting medium, 
the component notes are in perfect harmony with the fundamental note of the 
string, but in the medium we are considering this is not always the case.t 
We shall show, however, in §2, that by a proper choice of the linear function, 
any two notes may be made harmonic. We shall then consider, in § §3-5, the 
harmonics of different relative fundamental notes for that linear function, show- 
ing that certain notes will have an infinite number of harmonics, others only a 
finite number, and that, for certain values of the linear function, there is one 
note which has noharmonics. From these results we shall, in §6, determine 
the curve into which the string must be initially distorted in order that only 
harmonics may be obtained for a certain note, and show that, in certain cases, 
the equation of this curve may be an infinite trigonometric series, in others a 
finite trigonometric series, and in certain cases the problem has no solution. 

The problem reduces to one in the representation of numbers by a 
binary quadratic form whose type may be any of the three: parabolic, elliptic, 
or hyperbolic, Thus, aside from the intrinsic importance of the problem, it is 
of interest also because it is an application of the theory of numbers to math- 
ematical physics. The best known problem of this kind is that of the vibrat- 
ing drum-head,{ but here the quadratic form must be elliptic, while, in the 
case we shall consider, the hyperbolic and parabolic types may also occur. 





* These conditions will be physically realized if we cousider the string vibrating in air 
and tied at each point to its position of equilibrium by elastic bands. 

t See Byerly, Fourier’s Series and Spherical Harmonics, Article 65, page 115. 

t See Riemann-Weber, Partielle Differential-Gleichungen der mathematischen Physik, vol. 
2, p. 253. Also Byerly, Fourier’s Series and Spherical Harmonics, art. 72, p. 129. 





(153) 





RO ee tee 7 


= 
































Se eli naaietadienee 
¢ 





x. 


A 














154 DINES [July 


1. The equation of vibration in the case under discussion is obtained by 
adding 
or 
ah of + cy 
ot ' 


to the left-hand side of the equation of vibration in a non-resisting medium 


n 
with no force acting other than that due to the tension in the string.t This 


equation is, then 


(1) wa OE RT + cy = 0. 
2 + 2h 


The boundary and initial values to be satisfied are 
(a) x«=0, y=0, (6) x=l, y=0, (c) ¢=0, y=/f(z). 


By a method similar to the usual treatment of the case where ¢ is zero* 
we obtain as normal solutions satisfying the boundary condition (a) 


y =e sin ax cos tyuta® — (hk? — c), 


y =e™ sin ax sin (yara* — (hk? — ce). 


Thus the series giving the vibration is seen to be 


> vera 
(2) ye" DL] Ancos ty “ES — (42 —e) 


e=1 


~ 9 2,,2 
err na MTL 


+ B,, sin t ~ et atl sin —— 
\ 2 (A? —c) |] sin 7 


Let us now consider the period of any component note. It is clear that 
the factor e affects merely the amplitude, causing the vibration to die down, 
and does not affect the period. 

Equation (2) may be written 

vw > 2 irre _ 
‘ — Wisi idl » . mre 
(3) y=e > C.. a (A? —c) (t — 7) |sin * ik 
m=1 
where 


2.3 er a 
wWerTvrra /me-qwra* 


he —(i?-—¢ By = Cn si 
\ oe ) sin "+ 


* See Byerly, loc. cit. art. 1, p. 2 (VIII). 
+ See Byerly, loc. cit. art. 65, p. 113. 


A,, = Cy, cos t — (#- 


’ 
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i? B 
t= tan-! —* = A: * 
V wet (kh? —c) A,,’ Cm n+ B 


Now the period 7' of one complete vibration must be such that 








m?*rritat mr? 


\ —— — (K*—c) (t—7) = cos \—,— — (P-ce)(t-—714+T), 


cos 
V 
and therefore 


(mara? 


ye ~ (Bo) T= en, 








or 
: 2r/1 
Yantra? — P(k?—c) } 
The frequency of vibration or the number of vibrations per second is, then, 
(4) F- a Vier? — P(e — Cc) 


- 27l 

We shall now give definitions of a few terms to be used in the discussion 
following. The note given by a single term of the series (3) of index m is 
called the component note of index m, or more briefly the note m. Absolute 
harmonics of a fundamental component note are component notes whose fre- 
quencies are multiples of the frequency of the fundamental. Two notes are 
said to be relatively harmonic when their frequencies bear a rational ratio to 
each other. 

2. Ifk*? —c + 0*, we see from (4) that the frequencies of the different 
component notes are not exact multiples of the frequency of the fundamental, 
so that we shall not in general have harmonics. We shall show, however, that 
by a proper choice of / and ¢ any two notes may be made harmonic and shall 
then discuss the harmonics of different relative fundamental notes for these 
chosen values of / aud ec. 

Let F, and F, denote the frequencies of two notes m, and m,. Let 
Fy hy 
PF, hy’ 


where h, and /, are relatively prime integers. Then, from (4) we have 








*If k? —c =0 it will appear from equation (7) that the problem of harmonics is the 
same as if the string were vibrating in a non-resisting medium. 
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Fy mira? — P(e —c)_ Ah, 


(5) Fate 


2 \ mira? — (1202 =a sad hy’ 





Now m,, ms, h,, A; are fixed; so that (5) can be solved for 4* — c, giving 


ma | him, — him; 
(6) 2? ea) ee 
[: hi — hy 
3. We shall now determine the condition to be satisfied in order that any 
note m; with frequency 7’; may be harmonic with a note m, with frequency 
F, for the above value of 4? — c, which rendered m, and m, harmonic. 
In a way similar to that by which we obtained (5), we have 


BF, yue@—P(—e) hs 
“) Fy ynirte — 002 =e) 


This relation (7) will give all the harmonics of im, if we allow A; to take on 
all possible values and determine integral values of A, and m,, such that 43 and 
h, are relatively prime, which satisfy the relation (7). 

Substituting in (7) the value of 4? — ¢ from (6), we have 


— l2ar?a? hing _ hin; 
ee = Se oo 








P hs _ \ hs L hi — hy sy 
(8) > ane _ Pra? ee — hin 
\ i /? hy — hs 
or 


(9) [(Aj —h3)m5 — (him — hg) hi — Nahi — hi) mj = hi hii — hind). 


4. The problem, then, reduces to one in the representation of a num- 
ber by a binary quadratic form, namely that of determining for what integral 
values of hy and m, the number 


hs (hymn — him?) 
is representable by the form 


(10) (hj — hs) mj — (him; — him) \hy = hi (hj se hs) mj. 


We shall first determine what values of /, are possible in order that the 
equation (9) may have integral solutions. Transposing, we have 


h3[ (hi — hy) mj +(himi — hims) | = ( (hj — hi) mi — (Aime — h3m}) | hj. 





1911] THE HARMONICS OF A STRETCHED STRING 157 


Now Aj is a factor of the left hand side of this equation and so must be a factor of 
hil (hi — h3) mj — (img — kimi) 
also. But all harmonics will be obtained by taking A; and A, relatively prime, 
so that Aj is a factor of 
[ (Aj — h3)mi — (img — Rani). 


Therefore /; is a factor of where o? is the greatest square factor in 
( (Ai — Az) mz — (hims — hjmj)). 


We shall, lowever, obtain all solutions for 4, which are relatively prime 
to hs, b, substituting for h; the value o, determining all solutions (Ayn,) and 
reducing o/h, to lowest terms. For, if 4, = u, m, = m,are solutions of (9) 
in the form 
(11) Ahi — Bhjni = Chj 


when A, is given the value ¢, and w is prime to ¢, it is obvious that 2, = u-s, 

h; = t-8, my, = m, are also solutions. But by a proper choice of s, ¢-s = o, so 

that A, = u, hy = ¢, will always be among the solutions obtained by substi- 

tuting o for hy, solving for Ay and m,, and reducing o h, to lowest terms. 
Since we have supposed o? to be the greatest square factor in 


[ (Aj — hb) —(Ajms — hzinj)), 
we may set 
[ (Aj — hsymg — (Aims — hs; ) | = ro", 


where r contains no square factor. Then, substituting 1; = o, (9%) becomes 
ro*h, — a (hi — hs)mi = 0? (him — hind), 

or 

(12) rh, —(hi — hi) mi = hyn — hj}. 

5. As is usual in problems involving binary quadratic forms, we shall 
discuss the form (10) under three cases, hyperbolic, elliptic, and parabolic 
according as the discriminant 

A= [ (hj — hi) ms — (Aims — Ami) ) (4, — h3)hi, 


is positive, negative, or zero. 
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CaseI. A>0. Form hyperbolic. 


a) (Ai — hy) m3) >| hymns — hyn)! . 
b) | (Ai — As) m3| < | Ajmy — Ny) | 


and sgn (Aim; — himj) 4 sgn (Ay — 43).* 
Case II. A< 0. Form elliptic. 


| (Ai — hb) m3) < | hms — han 


and sen (him — kgm) = sgn (hy — Aj). 
Case III. A=0. Form parabolic.t 


(Aj — h3)m5 — (hims — hg) = 0. 


We shall now discuss the methods of solution and the number of solu- 
tions in each of these cases. It is easily verified that among these solutions 
will be found m, = m3, hy =o. This solution may be called the identical so- 
lution since it gives rise to no new harmonies ; for if #4 = ms, we get from (7), 
h,=h;=c. This solution will be discarded from the solutions of the equa- 
tion (9). 

Case I. A>O. 


In the discussion of this case we shall consider two sub-cases: first, Aa 
perfect square ; second, A not a perfect square. 


Subcase 1. A= e’. 
Let $= D(r, hi -: hz), 
so that r= dé, hi — hi = pd. 


Then (12) becomes 
hee? -_ h ty ed 
2] jee 


Ahi — pm? = -— A § 


and if uw contains a highest syuare factor ¢? such that «= @y' and wy’ contains 
no square factor, we have 





* The notation sgn a =sgn 8 shall be understood to mean that a and 8 have the same sign. 

¢t Since hy + ha, hi -- hz F 0. 

t i.e. the greatest common divisor of r and hj — Aj. 

§ The right hand sideof this equation will be integral; for from our definition of r, 
(he — h:)m: —_ (him: — him?) = 0 (mod 6) and hs —h? =0(mod 46). Therefore him? = hin? 
= 0 (mod 4). ; F ‘ 





















En ae 


aes 
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hin — hing 


(14) Ahi — pw’ (cm)? = - 5 


Equation (14) may be written in the form 


hemi —hins 


6 ’ 


(15) Aa? — hy? = 
where A and yw’ are relatively prime, and neither contains a square factor. 
Thus if the discriminant A = Aw’ is a perfect square, X = wv! = +1, and if we 
denote the different factorizations of (Agmj — hjmz)/6 by L,.N;, (15) may be 
written 








(16) ae y= L,N;. 
Equating the factors of the right hand side to the factors of the left, we 
have 
e+y=TL,, xr—y=N,, 
or 
L, + N; L,— N; 
(17) «= 5) ’ y= » . 


To reduce the solutions of (16) to those of (12), two cases must be con- 
sidered. 

(A) A= +1. 

In this case hy = a7, my = y/t. Thus to obtain integral solutions for m,, 
the congruence y = 0 (mod c) must be satisfied. 

(B)rxA=-1. 

In this case Ay = y, my = v/t, and to obtain integral values for mm, the 
congruence x = 0 (mod +) must be satisfied. 

It is evident in both of these cases that, if 4j — A; contains no square fac- 
tor, i.e., if « = 1, the solutions of (16) are the solutions of (12). 

Let us now determine the number of solutions (17). This will evidently 
be the same as the number of decompositions of (Ajj — hjm;) /dinto the prod- 
uct of two factors Z, and NV; such that 1, and NV; are of the same parity. 

hin; _ hing 


Let = 2"( ag ° a3 cm om a"), 
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in which the a;’s are different odd prime numbers. Two cases will be con- 
sidered. 

(A) y= 0. 

In this case Z; and .V; are both odd, so that any decomposition of 
him: — him?)/8 will give integral solutions for x and y. As is well known, 
the number of different divisors of (at - a3. + + a) is 

(a+1)(84+1)---(#+1)=N. 

From this we find immediately the number of different decompositions 
if we consider two cases. 

(a) (Ayni — him) 6 is not a perfect square. 

There will in this case be just half as many decompositions as there are 
different divisors, or V2. This will be integral since at least one of the 
numbers (a, 8, -- + «) is odd. 

(4) (hing — his) 6=— L?. 

In this case # might be regarded as a double divisor, since 2. / is a fae- 
torization. Thus the number of different decompositions will be (.V + 1)/2. 
However, in the case L;= V,; = FE, the y solution is 0, which gives either 
hy = 0, orm, =0. If hy = 0, then also /’, = 0, which ease will be discussed 
in §5, Case III. The solution m, = 0 is trivial, and will be discarded, here- 
after, in the discussion. The number of solutions will be taken then as 
(.V—1) 2. 

(BD) v + 0. 

(a) (hjmy — his) /6 is not a perfect square. 

Denote by C the number of decompositions obtained in (.1) (a). Then 
with each L; of these we can combine 2, 27, 2%, - - + 2'-', the remaining even 
factors 2*"', 2°7,...2, respectively, being combined with the corresponding 
iV; to make it of the same parity as 2; The number of decompositions such 
that L; and .V; are of the same parity is, then 

(v—1)C. 
(4) (honk — his) 6= E°, 

Denote by C’ the number of solutions obtained in (1) (4), above. 
Then, reasoning as in (/%) (a), the number of solutions is seen to be 

ae ae 
2 


*It is evident that v cannot be odd, if (him? — him;)/6 is a perfect square. 
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Therefore aside from the trivial solution we have, as the total number of 
solutions 


(v—1)0"- 5-1. 


To sum up, then, we have seen that, the number of harmonics of the note 
m; will be finite, and an upper limit has been found for their number, this 
upper limit being exactly equal to the number of harmonics if hi — hi contains 
no square factor. 


Subcase 2. A + e. 


In case the discriminant of the form is not a perfect square we shall use a 
method of solution frequently employed in representation problems, which we 
briefly describe as follows : 

Let the form ax? + 2bry + cy? be denoted by («, J, c) and its discriminant 
b? — ac by Aas before. 

In order that m may be representable by (a,4,c) it is necessary that A 
be a quadratic residue of m, in other words that the congruence 


n® = A(mod m) 


be solvable. Let x be a solution of this congruence and p be determined by 


the equation 


The necessary and sufficient condition that m be representable by (a, 6, c) 
is that (m, n, p) and (a, b,c) belong to the same class. For this it is neces- 
sary and sufficient: (1) that the first roots* of the characteristic equations 

aw? + 2bw +e = Q, 

mu + 2nw + p=, 
developed intv continued fractions, give rise to periods composed of the same 
elements in the same order, so that the period of one is given by a circular 
permutation of the elements of the period of the other; and (2) that the number 


of elements be odd, or, if even, that the number of elements which in each 
fraction precede the same element of the period shall be of the same parity. 








* The first root of az? + 2h4 + ¢ = 0 is detined to be 


—b+Vl? — ac 
tf 
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Thus if there is a representation we must have, in terms of continued 


fractions 
(a,b, c) => (4, (lay > 2 Ups aA, B " ee L, A, B ee. 2 L, = ), 
Wim.np) = (Us > + + Gy, A Be: - L,A,B..-L,-++), 


and the number of elements in the period (A, B,- - - ZL) must be odd; or, 
if even, then & + 4%” must be even. 


Let eu{A,B.--L,A, B+ ++ £,++ +s 


and denote the Ath and (4 —1)th convergents of (a, @.+ - + a.) by P/Q 
and P,/Q, respectively ; the A’th and (4’ — 1)th convergents of (aj, a3 + + + de) 
by 2”/Q' and P}/Q{ respectively ; and the last and next to last convergents of 
the terminating continued fraction (41, B,- - + L) by p/g and p,/7, respect- 
ively. 


> ?P, 
l . : - s . . 
Let Q a) denote the substitution 
a= Pr' + Dy’, y= (ir + y's 
and set 
e-(5) #-(S 6) + %)- 
v (; VV A Tah 


Let dx? + 2en+ f= 6 be the quadratic equation with integral coefficients 
of which z is a root: then, L"(n=.- - - —2, —-1, 0, 1,2,- - -) will be auto- 
morphic substitutions of the form (d,e, /).* Now AT will transform (a, 4, c) 
into (d,e, f): HM will transform (m,n, p) into (d,e, f) and therefore 
AL" HH" will transform (a, 6, ¢) into (m,n, p). If 


KLIP = (% ae 
Yn On 
then z=a,, ¥ = , gives a representation of m, viz., aa, + 2ha,y, + ey, =m. 
The infinity of substutions A°Z."//" gives an infinity of representations x = a,, 
Y = Vn 
If there is one solution, there will exist corresponding values of AY, Z 


49 


and //,and hence an infinite number of solutions. But we have already pointed 


* Called the reduced form of (a, b,c). 
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out that there is one solution, viz., the identical solution m, = m,, h, = c. 
The existence of this one solution, then, establishes the existence of an infinite 
number of solutions. 

Applying this result, we see in the present case, that, 7f m, and m, are 
harmonic, then with every tone m; is associated an infinite system of harmonics. 


Case Il. A<0O. 


As in (2), Case I, we determine the form (m,n, p). In the present 
‘ase, however, the reduced form, which we shall denote by (A, B, C), is such 
that the relation between the coefficients is 


C>A22/B|. 


From the Theory of Quadratic Forms, we know that any form may be trans- 
formed into the reduced form of its class by repeated applications of the mod- 


. 11 a Ol\ , 
8= (5; : T=(_19): 


As in (2) of Case I, we determine the substitution AZ", Z being an 
automorphic substitution of (A, B, C), A the product of the transformations 
required to bring (a, 4,c) into (A, 2B, C) and //-' the inverse of the product 
of the transformations required to bring (m, n, p) into (A, B,C). But. in 
this case there are not an infinite number of automorphic substitutions of the 
reduced form (A, #2, C). Their number depends on the number of integral 
solutions (¢, «) of the Pellian equation @ — Av? =o, where ¢ = D(A, 2B, C). 

In any case there are two automorphs. If —4A = 30°, there will be four 
others, while if —4A = 4o?, there will be two others. If 4 = 0, there cannot 
be six automorphs of (a, 4, c), and there can be four automorphs only when 
a=c. For, if 6 = 0 the coefticients of (A, B, C’) will be the same as those 
of (a,6,¢), in the same or the reverse order. There, cannot, then, be six 
automorphic substitutions of the reduced form, for —4A + 30°, since 
4ac ¢3[ D(a,c)]}*. There can be four automorphs only when 4ac = 4[ J)(a, ¢)], 
that is, when a = c. 

Thus the reduced form of the class to which the form (10) under discus- 
sion belongs, will have two automorphic substitutions except when r = 43 — hj, 
in which case there are four. We shall consider these cases separately. 


ular substitutions 


*See Cahen, Theorie des nombres, p. 222. 


PPS MOE TORR OEE mg, SOWY were, 


a a: 





eee 


eer 





jpwaeagis 


se 


Ee ee re 


ee ee 


- 


22 


= s 










PPO me eRe nme 
eo 


a ei 





























164 DINES (July 


If r = h; — hj, (12) reduces to 


} ts 9 hong -—~ his 
t Hi, = = — 
aii ; hs _ hi 


The right hand side of this equation will be integral, for, from our definition 
of r, 

[ (Ai — hy) m3 — (hj — hg) ] = 0 (mod r) ; 
and if » = A; — hj, then 


hing — his = 0 (mod hi — hs) ). 
Thus equation (12) will reduce to 
(18) re + ¥ _ k. 


where « = Ay, y = m, and 
hein; — hing 


viedae etal 


This form has been so exhaustively studied that a detailed discussion of it is 
unnecessary here. We shall merely state that, when / is representable by 
x? + 7?, there will, if « is the number of different prime factors of 4, be 2” 
representations if (x, 7) and (—x, —7) are regarded as the same representa- 
tion, but (x, 7) and (y, z) as different representations. * 

One of these will be the identical solution and the other will be A, = mz, 
m,=h3, which might be called the inverse of the identical solution. But this 
latter solution gives rise to no new harmonies, since from (8), if ms = m,, 
then hs — h,. Thus if h, = Ns, Ny = h.. then h, = h, = ly = Ig. This solu- 
tion is an identical solution and will be discarded. Thus we shall have in this 
case 2“ — 2 harmonics, where yw is the number of different prime factors of 


hein; — h js 


his — He 


Ifr is not equal to 1; — hj, a detailed discussion is necessary. Let J? 
be the number of solutions of the congruence n? = A(modim). Then for each 
of these /? solutions, there are always two automorphic substitutions giving 
altogether 2/2 representations. We shall consider now (x, 7), (—x, —y), 
(—x, y), (%, —y) as the same solution, and we shall have 4/2 as the number 





* Dedekind-Dirichlet, Vorlesungen ther Zahlentheorie, p. 63. 
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of solutions. Discarding the identical solution, we have 4/7? —1 as the num- 
ber of harmonics. If /: is prime there will be no harmonics since the coneru- 
ence x* = a(mod p), where p is a prime, has only two solutions. ° 

Thus we see, that, in the present case, ‘f m, and my are harmonies, then 
with every tone ms, is associated a finite number of harmonics. 


Case HII. A=0. 
In this case, we have (Aj — h3)mj = him; — himi, 
a 4 hing — hong 
or Wn = ” 9 ad 
hi — hs 


Also from (%), 
his —_ hein§ 


Af~—he 


2 
‘ity = 


that is Wg = Wg, 


and the note m, has no harmonics. 

In fact the note m; has an infinite period as is seen from the equation (4). 
It is obvious from (3) that the vibration of the string in this case is not peri- 
odic, for the only function of ¢ entering into the equation of vibration is e*, 

We shall outline a method for determining what values of m3, /;, 2, will 
give us this case when m, and 7, are chosen. 

We have 


hj = “ms dit 
2 ae 4 


hs Wty — dis 


Now A, prime to A, will give us all the harmonics of a3; thus in order that 


the above relation may hold, a necessary condition is 


my — mz = ahi, mi — ing =ah; (a, integral), 
ms _ ty 


or he - hy = : - 
“i ad 


Since /, and /, are integral, a is limited in value to the factors of wm, — 14. 


Let 


mi, — my . 
_ =L;N ie 
a 
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Then hy — hj = Lj, 
L,-— WN; 


’ A, =- ») meg. 


L,;+N; 


> e 








and hy = 
If these give integral values for /, and h,, we determine i, by the relation 
mz = mj — ahj, 


and if im, is integral, the relation necessary for this case is obtained. If we 
consider /, always smaller than /,, i.e., #7 less than #., we need give a only 
positive values, noting that «ij cannot be greater than mj. It is evident that, 
if 72,, Mm, m3 have values satisfying this relation, then their multiples also are 
solutions for the same values of /, and Ag. 

By the method here outlined, I have found that the only values of and 
my such that #1, < im, < 10, for which the form (10) is parabolic, together with 
the corresponding values of /,, A, is, are: 


m=3, m=7, h=1, h=3, m= 2, 


m=2, m=T7, h=1, h=4, m=. 


We have, then, shown in §5 that: ¢f the form (10) ts hyperbolic, the 
note mz may have either a finite or an infinite number of harmonics; if (10) 
is elliptic there are only a finite number of harmonics of ms; and if (10) ts 
parabolic there are no harmonics of ing. 

6. The results that we have obtained in the preceding sections enable 
us to determine the curve y= f() into which the string must be initially 
distorted in order to obtain a musical note, that is, so that all the component 
notes may be harmonics. 

Putting ¢ = 0 in (2), we obtain 


7p 
Nie MTL 
) = ot > : 
Siz) =e A,, sin — 


m=1 


Now, if we wish the note wtp, NOt harmonic, to drop out, we must have 
A, = 0 in the equation of the initial curve. 

Thus we see that, in certain cases, ire shall have as the equation of the 
initial curve, an infinite trigonometric series, in others, a finite trigonometric 


series, and in others, there is no solution Sor the problem. 
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7. We shall now give a few examples, illustrative of the general discus- 
sion. In these we shall first choose values for h,, h,, Wj, iy, thus fixing the 
medium in which the string vibrates. Then we shall consider the harmonics 
of the different notes of the string, when vibrating in that medium. 


= 2 


Example1l. m=2, m=3, h,=1, h 


The parabolic case does not occur. 

The elliptic case occurs only for m, = 1. 

Thus the form is hyperbolic for m,>1. There is no value of ims for 
which the discriminant of the form is a perfect square. 
(a) m= 1. hg =o = 2. 


“quation (9) reduces to 
hj + 3mj = 7. 


Here we have A = —3, and the congruence 
n® = —3 (mod 7) 
has only two incongruent solutions. Thus, /? = 2, and there is only one so- 
lution, viz., the identical solution 
h, = h; =: 3, My = Ve = a. 
(4) If m;> 1, the note m,; has an infinite number of harmonics. We shall 
consider the case for m, = 4. We have here 
ms; = 4, 
h, == Fs 
3mj — 4145 = 7, 
A = 123, 


and the congruence, 
n? = 123 (mod 7) = 4 (mod 7), 


has the incongruent solutions n = +42. Since achange in sign of n changes 
only the signs of the variables, we shall use only n = + 2. This gives 
p=-li, 
(m,n, p) = (7, 2, —17), 
Ws,0,-0) = (3; 1, 2, 3, 2, 1,631, 2,3, 2,1,6; - - +) 


W,2,-17) = (1, 3, 2, 1,6; 1, 2, 3, &, 1,6; 2 2, 3, 2, 1,6; 


* 
~~" 
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». $a 
N= {, 0) 
7 10-13 
oils (67 7) 


221 33 
y= (154 33) 


KI = (ie = my 34, Ay 10. 
—1vd 
ALI = 3) m,=4, h,=1. 


KL? = con ‘i m, = 9024, hy = 2441. 

The second pair of solutions is the identical solution. From the first pair, 
we see that the ratio of the frequency of the thirty-fourth note to that of the 
fourth is 1:10. From the third pair, we see that the ratio of the frequency 
of the nine-thousand-and-twenty-fourth note to that of the fourth is 1: 2441. 
By using the infinite number of Z's, we may obtain an infinite number of har- 
monies. 

Thus, if the second and third notes are harmonic, with the ratio of their 
frequencies 1:2, the first note has no harmonics and any other note than the 
first has an infinite number of harmonies. 


Example oe “a= 1, My = a. h, — 1. h =? 


The form (10) is hyperbolic for every value of m,. The only value of 
m; for which A is a perfect square is m, = 3. The only solution of equation 
(9) for m, = 3 is the identical solution, 

Thus, if the first and fifth notes are harmonics, with the ratio of their fre- 
quencies 1; 2, the third note has no harmonics and any note other than the 
third has an infinite number of harmonics. 


Eeample oe my = 4, Nig = 2, hy = Z, h, = 3. 

The form (10) is hyperbolic for every value of m,. The only value of 
m, for which A is a perfect square is m, = 8, and for m, = 8 the only solution 
of equation (9) is the identical solution, 





* 
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Thus, if the fourth and ninth notes are harmonics, with frequencies in the 
ratio 2:3, the cighth note has no harmonics and any other note has an infinite 
number of harmonics. 


Example 4. m=2, m=3, hi=1, hy =4. 


The form (10) is elliptic for m,; = 1, and hyperbolic for m;>1. The 
discriminant of the form cannot be a perfect square. The only solution of 
equation (9) for ms = 1 is the identical solution. 

Thus, if the second and third notes are harmonics, with the ratio of their 
frequencies 1:4, the first note has no harmonics and any note other than the 
first has an infinite number of harmonics. 


Example 5. m=2, w#2=7, hi=1, he =4. 


The form (10) is parabolic for m,; = 1, and hyperbolic for m,>1. The 
discriminant cannot be a perfect square. 

Thus, if the second and seventh notes are harmonics, with the ratio of 
their frequencies 1:4, the first note has no harmonics, and any other note has 
an infinite number of harmonics. 

Evrample 6. im#,=1, m=8 h=4, hy=5. 

The form (10) is hyperbolic for every value of m,, and the discriminant 
isa perfect square for m,= 17 or 55. The fifty-fifth note is the only harmonic 
of the seventeenth note and vice versa. These two notes, then, form a sys- 
tem of harmonics. With any other note of the string is associated an infinite 
system of harmonics. 

Example 7. m=3, m=7, h=1, kg=3. 

The form (10) is elliptic for m3 = 1, parabolic for m; = 2, and hyperbolic 
for mw; > 2. The discriminant of the form cannot be a perfect square. The 
only solution of equation (9) for m, = 1 is the identical solution. 

Thus, we see that, if the third and seventh notes are harmonics with the 
ratio of their frequencies 1 ; 3, the first and second notes have no harmonics, 
and any other note has an infinite number of harmonics. 
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THE MIXING EFFECT OF SURFACE WAVES 





By Cuas. S. SLICHTER 


Tue following results are based upon the assumption that the “mixing 
etlect” when a portion of a liquid is changed in shape is proportional to the 
magnitude of the shear. If we confine our attention to motion in two dimen- 
sions only, the problem before us is to determine to what extent particles of 
a liquid migrate and take up positions adjacent to particles of liquid not 
formerly their neighbors whena prism of liquid of square cross section changes 
to a prism of rectangular cross section. “Theory requires that the particles of 
a “perfect” liquid hold the same relative position to each other after change as 
before. The extent to which this is not true in the case of an actual liquid 
constitutes what is designated as “mixing.” Thus if the temperature of a cube 
of liquid varies uniformly from one of the faces to the opposite face, then 
after shear the relative distribution of temperature should be precisely the same 
as before shear. The liquid is mixed” to the extent that the relative distrib- 
ution of temperature has been disturbed. 

If the dimensions of a rectangular parallelopiped of a liquid change from 
1, 1, 1, to 1 + a,1,1/(1 + a), the liquid is said to have experienced a 
finite shear of amount a. Hence, according to this detinition, unit finite shear 
corresponds to change of cube 1, 1, 1, to parallelopiped 2, 1, 1/2. For rates 
of movement sufficiently low so that turbulent motion does not result, the 
initial assumption made above that mixing is proportional to shear seems sufli- 
ciently obvious if the present definition* of the magnitude of finite shear be 
adopted. 

It is obvious that the amount of mixing that takes place in an element of 
liquid when subjected to unit shear must depend upon properties of the liquid 
which can be readily determined only by experiment. The viscosity, the 
density, and various molecular properties probably all play important parts in 
determining the amount of mixing that takes place when an element of a 
liquid changes shape. 


*It should be noted that this is not the definition adopted in the usual treatment of the 
subject of finite shear. 
(170) 
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The primary cause of mixing in liquids, as ordinarily observed, is due to 
the turbulent motion that is set up when the differential velocity from layer 
to layer, or between the liquid and the boundary reaches a certain critical 
amount. It can readily be seen by consulting the diagrams in the papers by 
Hele-Shaw in Nature, Vol. 50, page 34, and Vol. 60, page 446, that slow 
movements in which turbulent motions have been eliminated result in a very 
small amount of mixing, although the amount of shear be relatively large. 
In the wave motion of a liquid on whose surface simple progressive waves are 
maintained, the deformation or strain of any element is periodic and the 
effect of mixing must be cumulative even though the motion be so slow that 
turbulent motion is not set up. The mixing effect of the waves can be ex- 
pressed asa function of the various constants that particularize the special wave 
motion under consideration. It is obvious that the variation of the mixing 
effect with the depth of the particle of liquid below the surface is the first 
problem to be considered. 

The following notation is used in what follows : 

Height of trochoidal wave . . . . . . . .) . ) .) . ) 6 Hin meters 
Wave length . .... . 
eae ee ee ee ee ee ee ee ee 
Distance from the bottom to particle under consideration . . y 
The well known theory of trochoidal surface waves enables us to write down 
the following results : 

The radius of the circular orbit of a particle at any depth is: 

r=m H/2 = $He-9-™, (1) 


in which m is a proper fraction, the ratio of the radius of the orbit at level y, 
to the radius of the orbit of a surface particle. 
The period of the wave motion in seconds is, if X be measured in meters: 


é sé 


4 \ 
T = y2ra/g = sh den, (2) 


the formula being correct to about the sixth decimal place. The error remains 
less than 5 per cent for all values of d satisfying* 


4dd>XrXA<d 


* The approximation consists in omitting tanh 24d/\ from the denominator of the theo- 


retical expression for 7°. 
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Consider two particles of water which lic in the same vertical line when the 
crest and also when the trough of the wave passes immediately above them. 
Let the radius of the circular orbit of the higher particle be r, and of the 
lower particle be r; and let the distance between the centers of the two circular 
orbits be a, which may be taken as small as we please. Then the distances 











ame between these particles are, 
HE || at crest, a+ — "3 
Bhat 
hat at trough, a— r+ 7. 
t i “| ‘ 
HEA Therefore the small rectangular parallelopiped at the crest, of edges 
By ae - 
ga 1+ (%—1)/4, a, L[l+(m—")/¢), 
i fa! " ” 
TB is first sheared to the cube 
Ta 1, bs hy 
aia 
Biba at an intermediate stage, and then this cube is sheared at the trough to the rec- 
s| ; : « 
i} j tangular parallelopiped 
a - 
H 1—(™%— 7) 4, By 1 [1+ (m—7,)/a). 
The total finite shear from crest to trough is therefore of magnitude : 
2(% — 1") 4, 
or, in the limit, 

i 2dr dy. 
‘ 


Therefore the “mixing effect” per second of time, or the coefficient of 


RS mixing, is 









4 
E= 4Adr, dy — ~- AvA§= 15.6 AJ/ AeA 0 (3) 


o 





in which A is the mixing effect, or specific coefficient of mixing, due to unit 





shear. This factor must be experimentally determined for each liquid. 







Assume waves of length 10 meters and of height one meter in water 
whose undisturbed depth is 10 meters, then the rate of mixing at level y is 
given by 






E= E, e2"(y — 10 of” (4) 






in which Z,, is the rate of mixing at the surface. 
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Table I shows the coeflicient of mixing, or the mixing effect for one 


BP? 

second of titac, of a trochoidal progressive wave one meter high and of various 

ry 4 ° ° . ‘ . . 

lengths. The results are expressed in terms of the mixing effect due to unit 
finite shear. 


TABLE I 


Length of waves in meters. 
Depth in meters 





below surface D | 10 | 15 20 | 25 | 30 40 
0 1.310 | 0.495 0.296 O.175 0.125 0.125 0.062 
i 0.406 | O.264 O.176 0.127 0.099 0.077 | 0.053 
2 0.121 | 0.138 0.115 0.092 0.077 0.062 0.045 
3 0.032 | 0.086 0.076 0.068 ) 0.059 0.050) 0.040 
4 0.009 | 0.048 0.048 0.049 0.046 0.040 ° 0.0384 


The above results give the measure of the migration of particles away 
from their initial location or original companions. The numbers may be 
conveniently designated, as above, “ coefficients of mixing,” although mixing, 
in the common meaning of the term, does not take place unless another con- 
dition be present, namely, unless there be a quality varying in magnitude 
throughout the liquid which can be modified by the migrating particles. We 
do not speak of “ mixing” a liquid by stirring it unless it has a different quality 
in some parts than in others. Migrating particles can produce no change in 
a perfectly homogeneous liquid. For example, if a liquid be of homogeneous 
temperature throughout, it will remain of homogeneous temperature no matter 
how turbulent the motion. If, however, the initial temperature be not homo- 
gencous (say it falls continuously from the surface downward, as it actually 
does in summer in the water of a lake or pond) then the migration of particles 
discussed above will bring about a new distribution of temperature. The new 
distribution depends as much upon the gradients in the initial distribution as 


it does upon the coeflicient of mixing. This problem will be considered only 


in its special bearing upon changes of temperature taking place in a sheet of 
We do not aim to consider 


water due to progressive waves upon its surface. 
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the mixing due to the turbulent waves near shore, nor to the effects of the 
wind in driving the warm surface water to lee shores. Professor E. A. Birge, 
who has given wide attention to all these matters, fully discusses the subject from 
the physical and practical side in another place.* 

Let there be any quality or characteristic that remains constant in any 
horizontal laver of the liquid but varies in the vertical direction. For ex- 
ample, let there be a vertical distribution of temperature either continuous or 
discontinuous. If the temperature decrease with the depth below the surface 
there will be no tendency to set up convection currents, as long as the tem- 
perature is above 4°. When surface waves are set up in the liquid, the quality 
or characteristic pertaining to the various horizontal layers will gradually 
change, the distribution becoming immediately continuous across the former 
surfaces of discontinuity. Let the initial vertical distribution be defined by 
the equation, 

t=S(y) (5) 


in which ¥ is the depth of any point below the surface of the liquid [the same 
as (y—d) above} and in which f represents a single valued function of 7. Let 
the coetficient of mixing at any level be $(). At this level the initial gradient 
of ¢ is 

dt dy =f'(y), 
and after mixing it is 


dt dy = [1 — d(y)) f(y). (6) 


Whence the distribution of the quality ¢ after the * first mixing”, or first unit 
of time, is given by 


f= fl) — [en ray 4 Cc. 
Likewise the distribution of ¢ after the nth interval is given by 


_= fu _ $(7) "f'(y)dy +c. (7) 


* The results of these extensive studies of the biological, chemical, and physical phenom- 
ena of fresh water lakes is appearing as a series of Monographs published by the Wisconsin 
Geological Survey. The chemical phenomena are treated in Bulletin XXIL The physical 
studies will appear in a bulletin now in preparation. 
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In the important special case in which the mixing is due to waves, we may 
write 


o(y) =ae™, (8) 


The forms of a and & have been found above. In like manner 


ty = Jo — aem)" f'(y)dy + ¢, (9) 


which permits of simplification for special values of /. 
Consider the case in which the temperature falls from the surface to the 
bottom as a linear function of y, so that /(y) =—Ay. Then 


which, for large values of n, becomes 


é.. — k ic nace "9 dy _ ~7 li eo nar . (11) 
J 


in which li stands for the Integral Logarithmus.* 

The constant of integration must be determined by a quadrature. Mechan- 
ical quadrature was used in obtaining the numerical results given below. 

The important case leading to the development of f(y) in a Fourier’s 
Series may also be written down. 

Let 

S(y) = 4h, sin py, 

then, for large values of x 


(, = &, >. (— na)? (al? + p*) 4 (1/a!) sin( py — @), (12) 
a=0 


in which 6 = tan"(ab/p). 
Returning to the case of equation (11), the Integral Logarithmus per- 
mits numerical results to be obtained as follows: Let /2 = 1 meter, A = 10 


*The Integral Logarithmus is defined by the integral f{ du/logu. See N. Nielsen, 
Theorie des Integrallogarithmus und verwandter Transz ndenten, Leipzig, 1906. Since the publi- 
cation (Leipzig, 1909) of Jahnke and E:nde’s Funktionentafeln, tables of this. and the allied func- 
tions have become readily accessible. Table Il was checked by use of the table of Ei(—x) on 
page 21 of Jahnke aud Emde’s tables. 








Oe 


SPE IM AES A RAYS NERDS, PRD ER ye 


PAID) ore 








| 








176 SLICHTER [ July 





meters, d = 10 meters, and let x be sutliciently large so that appreciable values 






































iF vit may be assigned to na. From previous notation, 
Wi 56 AX? 
i a= 15.6 AA? = 0,484.1; 
Bye) 28. a 
bate, | b=2r A= 0.6283; ety — (O.054)" 
} il As the value of uf is not known, the amount of mixing after a given number 
Hi of seconds cannot be found in absolute units but the amount of mixing at given 
Te . . . . . . e 
Hes relative times can readily be determined, since n.f appears as a single variable 
HEE in the results. With the above numerical data, and with 1.1 taken equal to 1/2, 
mee ital) ‘ . 
EES 1, 2, or to clapsed times proportional to 1, 2,4, the table IT has been prepared, 
Ha Table I] gives the variation in temperature in a sheet of water 10 meter 
yt = . - . 
‘#a| deep, due to the mixing effect of surface waves of wave length 10 meters and 
: i height 1 meter, the initial temperature being equal to (10 — y), where y is 
ABE ih the depth below the surface of the water. 
Ti ft ; ry’ . 
HB i rABLE II 
i +; <cciaiienaiecealacalaaetcaia . — 
THe Elapsed time, n sl = 0) + l | 2 
Value of constant ¢ = 0) | 0.069 0.13 0.215 
t Depth, y, below Temp. Temp. Temp. Temp. 
surhace 1 degrees degrees degrees degrees 
Hi) 0 10 4.70 945 906 
Hit 
l _ S.87 8.75 8.48 
2 8 7.96 7.92 7.78 
Bs) 7 7.91 7.01 6.98 


6.04 







5.05 






4.06 


3.06 
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Temperature 


The results are best shown graphically as in the figure. Here the original 
temperature is represented by the straight line 00. The moditied temperatures 
at time 1/2, 1,24, are shown by the curved lines. The diagram is drawn 
for the upper 5 meters only. The curve for the fourth period is sketched only 
approximately, as the computation difliculties did not warrant greater exact- 
ness. It will be seen that the effect of the waves is gradually to change the 
temperature of the surface layers to a nearly uniform temperature, the abso- 
lute changes in the intervals of time being less than in earlier equal intervals. 
The changes in temperature show a tendency to cease rather abruptly at points 
where the curves cross the original gradient, as'at 1), 29,3). These are at depths 
of about 3 meters below the surface for the wave length and the wave height 
under consideration and gradually move downward with the lapse of time. 
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The same diagram may be used to show approximately the mixing effect 
due to waves of twice the height but of same wave length. In this case the 
curve 22 for wave height 2 meters corresponds to the same interval of time as 
the curve 11 for wave height 1 meter. The points 1, 2, 3 move to the left 
and the points 19, 29, 39, move downward at twice the rate in the case of the 
higher waves than in the case of the lower waves. 

Although the mixing effect in the slow motion of a liquid is a magnitude 
of low order, yet there are important cases of motion in which the migrations 
of particles across the lines of flow is very great. An important case occurs 
in the motion of groundwater. It can be shown in this case that the move- 
ment of particles across the lines of flow equals about 30 per cent of the on- 
ward movement in the line of resultant motion. This means, for example, 
that impurities or contaminations are expanded or spread out over wide areas 
during the motion of underground waters. Diagrams showing some experi- 
mental manifestation of this fact will be found in Water Supply Paper No. 140 
of the U. S. Geological Survey, pp. 22-68. The consideration of the mixing, 
or spread of contaminations, in groundwaters lead to the statement of a very 
general problem of much interest, which the writer will consider in another 
place. 

The magnitude of the coefficient A assumed above cannot be even ap- 
proximately assigned with the experimental data now at hand. It seems 
reasonably certain, however, that its magnitude will range higher than even 
the largest of the coefficients of diffusion. 


UNIVERSITY OF WISCONSIN, 
Mapison, WIs. 














CHARACTERISTICS OF TWO PARTIAL DIFFERENTIAL 
EQUATIONS OF ORDER ONE* 


By C. A. Nose 


Given two partial differential equations of order one: 

(1) F(x, Y3 2% 2 Py Py J 7) = 9%, 
(2) G(x, ¥Y3%, 2, Ds Ds q4) =9%, 
where x, y are independent variables; z, Z functions of these variables; and 
where p, P, 7, denote 62z/dx, 6z/x, dz/dy, and 6z/éy, respectively. Assume 
that /’and G are analytic in all the arguments, in the neighborhood of 2, yo, 
Zor Zo» Por Por Gor Yor Where 

F(x, Yo 209 Zo Po Pos Tos qo) = 0, 

G (2X9, Yos 209 Zo Po Po Tos q) = 0; 





and assume, furthermore, that /’= 0, G=0 can be written in the normal 
form 
7 =JI(%, 32% 25 Py P)s 
7 = I", Y3 2 2 Ps P)s 
where fand g are analytic in all their arguments. 
According to the Cauchy-Kowalewski analysis, there will be two, and 
only two analytic functions : 


(5) z= (4, y), 

(4) z= $(" ¥)s 

which satisfy (1) and (2) simultaneously, and which satisfy also the initial 
conditions 





[=] y=y, =¥("), [z] y= = v(x), 


where y, y are arbitrary analytic functions. 











* Read before the San Francisco Section of the American Mathematical Society, Febru- 
ary 26, 1910. 
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Geometrically, this means that a unique pair of surfaces, belonging simul- 
taneously to (1) and (2), can always be passed through the curves 


Y=Y 7=¥(") and Y¥ = Yo 2 = (2). 
Characteristics, in the present case, according to Ililbert’s method of ap- 
proach, would be such space curves that the Cauchy-Nowalewski analysis 
would not permit the inference that they determine a unique pair of surfaces 


of (1) and (2). 
If (3), (4) area surface pair of (1), (2), then, mm general, the analytic 
curves determined upon these two surfaces by any arbitrarily selected cylinder 


Y= AC") 


will uniquely determine the surfaces (3), (4). We seek those exceptional 
curves, if any exist, for which the Cauchy-Kowalewski theorem fails. In 
order to apply this theorem to the given equations, let us make the substitu- 
tion 
r=rt,n=yr- AC), 
z= $i x, n+ A(.v) | = $(2, n), 
z= bls n+ A(x) ] = t(2, 1). 


In the new variables, x, n, £, &, the equations (1), (2) become 


(3*) Fz, U] + A(x), a 4 4 — er a ina ve, ies C = 0, 
(2*) (r) x, 1) + A(x), S 4 . — xg. a _ i - ei = 0, 


where the accents denote differentiation with respect to 2. 
The necessary and sufficient condition that the Cauchy-Kowalewski infer- 

ence shall be invalid for the curves cut from (3) and (4) by y = A(.), i.e. 

from €= E(, n) and €= f(., n) by » = 0, is that (1*), (2*) shall not be 

solvable for €,, a that is, that 

6) jer et, oF 8, os F,—\F,, Fj —nF; 


14 _/4 4s 7 a> ’ ’ Uj / 
\6G/0b,, 6G/cg, Gi, — NG, (ij,—% G,, 


II 


identically in « when for », ¥, z, and Z we write 0, A(z), p{., A(av)], and 


p[#, X(x)] respectively. If, in equation (5), we write z = $(x, y) and 























1911] | CHARACTERISTICS OF TWO PARTIAL DIFFERENTIAL EQUATIONS 181 


z = (", y), but leave y undisturbed and set X! = y’, it becomes an ordinary 
differential equation in «, y, and determines two one-parameter families of 
curves lying upon the surface z = $(x, y) and two one-parameter families of 
curves lying upon z = $(, ¥). Whether, or not, these curves are actually 
curves of indetermination ‘as to integral surfaces passing through them, re- 
mains still to be answered. 

We can set up the system of ordinary differential equations for the inde- 
pendent determination of the characteristics, i.e. without assuming knowledge 
of the surfaces z= $(., y), z= $(", y). We have, obviously; in addition 
to (5), 


(6) J=pt+qy', (7) z= pt qy’, 
(3) p=rt sy’, (‘)) pa=artsy, 
(10) qi =st ty’, (11) q7=8 + ty’, 


where the 7, 8, (have the usual significance. 

If we differentiate (1) and (2) with respect to x regarding 2, 2, p, p, 
q, 7 4s functions of x and y, eliminate r, r, from the two resulting equations 
by the aid of (8) and (9), multiply the first by G, — y'G,, the second by 
F, — y'F,, and subtract, s and s will disappear by virtue of (5), and the 
single equation results 
(12) (F, + pF. + p'F, + pF: + pF) (G@,-'G,)) 

— (G, + pa, + p'G, + pa: + p'Gs) (Fy _ y'F,) = 0. 
If we differentiate (1), (2) with respect to y, and proceed analogously, we 
obtain the further equation 
(13) (F,4+qF.4+ q7F, + QFi + TF5) (GG, -— Gp) 
— (4,4 96.4 790, + QF2+ 7G) (4, — y' Fp) = 9- 

Equations (1), (2), (4), (6), (7), (12), (13) suffice, in general, to deter- 


mine 7, 2, 2, p, P, 7, 7 as functions of «. With initial values as indicated in 


the first paragraph, we should have* 





*Note. There would be two such sets of equations as (14) and (15), since equation (5) 


is a quadratic in y’. 
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i? = Yj)r3 Xos Yor ~os 209 Po Pos fos qt > 
(14) z=2 Sx; Los Yor Zo. Zo» Pos Por Tos Jo} . 
? =p} Us Hos Yos “09 205 Po Po Tos Yo{> 
7 = Gyr Loy Yor oy Zo» Pos Po Tos qo} ’ 
\’ = y} US Los Vos ~os Zo» Po Pos Los Gols 


Li )2 = 25X35 Loy Yor Zor Zo» Por Pos Yor qoi 2 
(15) !? ns 


5 Vos Yor o> <0» Pos Pos Yor 4o{ : 


q = qj)": Loy Yor ~o9 ~09 Pos Pov Vos Jol . 


~ 
~ 
Il 
a) 
~ 


Equations (14) give the characteristic strip passing through (.%9, Yo, 20) 
on the surface z = (x, y), that is, the characteristic curve, together with the 
tangent plane to the surface at every point of that curve. Equations (15) 
give the characteristic strip lying upon the surface z = $(., 7) and passing 
through (2%, os 20). 

Consider now the two integral surfaces (3), (4) passing respectively 
through the curves 


Y=Y, 2=*(x), and Y¥=Y%, Z= v(2). 


Assuming that F = 0, G = 0 can be thrown into the normal form, and that 
the curves above selected are not characteristics, there will be no other analy- 
tic integral surface of (1), (2) through either of these curves. If we select 
the two elements 


Lor Yor % = (2%), Vo. Po = W' (x) and #, Yos Zo = ¥ (0), Yos Po = v' (2) 
we see by (14), (15) that the characteristic strips are completely determined 


as lying upon their respective surfaces. If we set «, = & and think of Easa 
continuous variable, these two characteristic strips will, in their motio 


generate the surfaces (1), (2) respectively, upon which they lie. But 


z= (“) was selected as any analytic curve in the plane ¥Y = y, which was 
not a characteristic, and similarly for z = W(x), i.e., W(E&), W(E) may be 
thought of as arbitrary analytic functions. The equations (14), (15) then 
become 
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eee yor W(E), W(E), WCE), W(E)s Gor Gols 
z= z}r; & yy HE), ¥v(E), w'(E), y'(é), Yo. Yo {> 


. 


16 
_ 7 = Pits E, yor V(E), VCE), W'(E)s W(E)s Yor Go 
T= 1185 Es Yor ¥(E), HE), WE), WE), Ys Go > 
| = yin E, ww, ¥(E), ¥(&), v'(é), ¥'(E)s Gos Jo{s 
(17)  atiiaad 2103 Es Yor ¥(E), WCE), WE), W'(E), Yos Joi 
| B= Bs te ED HE). WE) HE) to 
{= q\# : &, Yos v(&) W(&), v'(é), y'(&), Yos Go}. 


The first two equations in (16) and in (17) may be looked upon as fur- 
nishing the general solution of (1) and (2), expressed in terms of the para- 
meter & The solution involves two arbitrary functions, as one should expect. 

The entire foregoing process is an extension of that presented by Hilbert 
in his lectures in 1900-1901 (see also Hedrick, Annals of Mathematics, July, 
1903). Here, as there, it appears that the equations of the characteristics 
suflice to solve completely the proposed partial differential equations. In 
other words, two partial differential equations of the first order with two un- 
known functions may be made to depend completely upon a system of ordinary 
differential equations. 

In order to exhibit the characteristics of (1), (2) in relation to the cal- 
culus of variations, let us consider the problem of rendering the integral 


| SA(w) (2! — pa! — qy') + we) (2'— px’ — Gy’) (du 
an extremum, with the auxiliary conditions 


F= 0, G = 0, 


whereby A, w are arbitrary functions, and accents denote differentiation with 
respect to u. The necessary conditions for the solution of the above problem, 
the so-called Lagrange equations, proceed from the vanishing of the first varia- 


tion of the integral 


[ J A(w) (2 — px! — qy') + w(u) (2! — pe’ — qy') + EF + nGidu, 
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where &, 7 are undetermined functions of wu. These equations of condition, 


twelve in number, are 


(1) d( Ap + mp) /du+ EF. 4+ 7G,=0 (2) d(rqgt uq) du + EF, + 9G, = 0 
(3) Nv — EF. — nG, = (4) w' — EF: — 0G: — () 
(5) he’ — EF’, — yf, = (6) pa’ — EP, — nl, = 0 
(7) Ay’ — EF, — 9G, = (8) py’ — EF, — 9G, = @ 
(9) 2’ — pe’ — qy' = (10) 7 — px’ — oy ~~ 
(11) r = () (12) (i = 


By means of (3), (4), (5), (6) we can eliminate A, yw’, A, w from (1), (2), 
(7), (8). The resulting equations are 
(15) (y'/2)?( FG; — Fy lp) — Zeb, Gy — Fey + Fy Gp FY Op) 

+ FG, — F,G, = 0 


B+ ph + pia hy, + PP s+ pk 


(14),(15) : eT aa ' 
(y. + ply. + pe G+ pa. a ac (; 





} 
a P. - qF. + Vix f, + 4 F: + q zk, im yf! aT, — F. 


(r, + qr. t qy Gr, = q (rs - Y, cod Gi, YW, “Gr, _ Ge 


The seven equations (), (10), - + + (14), (15) suflice to determine 
the seven ratios 2’: y': 2: 2': p' : p': q': q'; that is, to determine ¥, z, 2, p, 
Ps 7 7 28 functions of “. They are identical with the seven equations ob- 


tained by the first method for determining the characteristics. 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, Cat. 




















THE DIFFERENTIAL EQUATION OF THE THIRD ORDER WITH 
A QUADRATIC RELATION BETWEEN THE INTEGRALS 


By S. EpsteEen 
LET 
dy 
dx 


. ad? d 
T(y) = + (x) -4 + (2) 3 + ts(x)y = 0 


be a linear homogeneous differential equation with rational coefficients, and 


Ys Yo ¥3 


a fundamental system of integrals between which there is a quadratic relation 
(1) Wi — Ys = 0. 


Fuchs has shown* that there exists a linear homogencous differential equation 
of second order, with rational coeflicients, 


dz dz 
S(z) = dat “+ a(x) 7 oe &(.r)z = 0, 
such that 


Y= Yo %%99 Ys = ~%2> 


the functions z, and z, forming a fundamental system of S = 0. 
Vessiotf has considered the equation of third order 7(y) = 0 with the 
relation between the integrals 


(2) Y2 — Ns = "(*), 


where r(x) is a rational function of zx. 
It will be shown in this note that by the transformation (4) the equation 
T( 4) = 0 can be transformed to an equation of third order T(7) = 0 such that 





*L. Fuchs, Acta Mathematica, vol. 1, 1882, pp. 321-362; Picard, Traité d Analyse, vol. 3, 
(1908), pp. 585-588. 
+ E. Vessiot, Annales de ' Ecole Normale Supérieure, vol. 9, (1892), pp. 274-180. 
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(3) VE _ Yi/3 = Q, 


This proves that the discussion of 7’= 0 with the relation (2) between 
its integrals is equivalent to Fuchs’ (seemingly more special) problem of dis- 
cussing an equation of third order with the relation (1) between its 
integrals. 

The equation 


(4) J = Pol + Pry! + Pris 

the coeflicients py, p,, pz denoting (for the present undetermined) functions of 
x, can, in general, be solved for y. By ditlerentiating twice, and making use 
of the fact that 7 is an integral of 7’ = 0, we obtain 


pas 


(4') y 


II 


(Po — Pats) 4+ (Do t+ Pi — Pets) + Di t+ Pp — Pad y'"S 
(4”) Y= (py — Pets)’ — 61+ Pr Phd Y 


+ [( pi — pats) + (Pot Pi — Palz)'— & (Pit pi poh) ly’ 


+ [(Po + Pi = Patz)+ (Pi + P2 — Ph)! — Cr + Pa Pa) jy": 

The solution gives 
(9) Y= Py t+ UY + BY 
where 4%, 4, 7: are functions of +, provided we exclude values of py, Py, pe 
(and consequently of 4, 4. G2), called singular, which lead to a vanishing 
determinant of the cvefficients on the right hand side of (4), (4'), (4”). 

It is well known* that 7 also satisfies a linear homogeneous differential 
equation of third order 


: By 2 dy dy : 
T Y)y=—; + £} ef 2 + L(r)y = 
(4) dx | f( ) hy + ty( .™ + &(x)y = 0. 


We proceed to show that there exists a fundamental system 4, ¥2, 7; 0f 7'= 0 
such that 


(3) OE — NY = 0, 


while between the integrals of 7'= 0 the relation is 








*L. Schlesinger, Iandhuch der Theorie der linearen Differentialgleichungen, vol. 2, 
part 1, p. 114, 
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(2) Yz — hs = ¥(*). 
Assuming the equality (3) we have from (4) 


(Po¥2 + Pi¥s + Pry)? — (Dos + pry} + Poy) (Pos + Piys + p.ys) = 9, 
or, collecting, 
(6) Po(Y2— WYs) + Pi(Ys — Ys) + PIYL—Y'iy4) + Por (2s — NY's — Vis) 
+ PoP2 (2292 — Ws — Ns) + Pips 2ysyt — yy! — yilys) = 0. 
By differentiating the equation (2) tive times and eliminating derivatives 
beyond the second by means of 7(7) = 0, we obtain five relations with ra- 
tional coefficients which are linear in the following five functions :— 


YW —MY="(%), WP Yis =r"), 2s — (HY$ + Vis) = 73(2) 
22 = (ys + i 3) mm W4{%), 2343 Sas (Ws + WV Ys) = 1,(2) ; 


whence it appears that these five functions are rational in x. 
Substituting these values in (6), there results 


(7) Pi? + Piti + P22 + PoPr"s + PoP + Pip."s = 9. 
In general, we may let 
Pr = QO, p2 = 1 
and obtain the equation 
(7') rps + My Po + V2 = O 
for the determination of po. Thus the transformation 
(4) J=py ty" 


takes 7'(y) = 0 into T(y) = Oand ys — yy; = r(x) into 43 — W¥3 = 0. In 
case it happens that 


— 1, + vi-4 WTS = 


Po =. ’ Pi = 


2r 


Dp, = I 


’ 


are singular values of the p's, then some other arbitrary choice of p, and p», 
together with the value of py computed from (7) should be taken.* 


* The domain of rationality of this investigation consists of : (1) all complex numbers, 
(2) the coeflicients ¢), t2, t; of the equation T = 0, the function r (rc), and (3) the operations of 
addition, subtraction, multiplication, division (exclusive of the null divisor), extraction of 


square roots, and differentiation. 
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It remains still to be shown that 7, ¥2, Ys; form a fundamental system of 
T(y) = 0, where 


(5’) Vie = Vi + HYi + BY (7 = 1, 2, 3). 
If these functions are not linearly independent, we will have 
CY + C22 + C33 = 03 
from this equation and (5’) it follows that 
Cif, + Coz + C343 = 9, 


a condition which is impossible, since 7, 7/2, /3; are a fundamental system of 

Note. The propriety of replacing the equation 7(y) = 0 by T(y) = 0 
may be made clear from at least two points of view. I. If 7’ = 0 is integrated 
then, by (5) a fundamental system of 7’= 0 is known at once; and inversely, 
if 7’ = 0 is integrated, then a fundamental system of 7’ = 0 is known by (4). 
Il. From the standpoint of the Picard-Vessiot Theory, the equations 
T =0 and 7 = 0, being cogredient,* have the same Rationality Group, and 
consequently, the same integration theory. 


THE UNIVERSITY OF COLORADO, 
Marcu, 1911. 





* Schlesinger, loc. cit. pp. 115 and 121. 




















RELATIONS AMONG SOME CYCLOTOMIC CUBICS 
By T. Hayasni 


1, According to Mr. E. B. Escott’s valuable memoir ‘‘Cubie congru- 
ences with three real roots”, published in the Annals of Mathematics, second 
serics, vol. 2, pp. 86-92, January, 1910, we have the theorem : 

The congruence 

O+4+ar+br+c=0 (mod p) 
has three roots (when it has any), the relations between the roots being 


B=a*+ka + 1, 
y=RP+khB+1, (1) 
a=y+hy+ l, 
where 
4= —(a — dak — 2a + 3h? + 3k 4+ 5), 
e = —(« — 4a%h — 2a* + Jah? + bak + 3a — 2h — 3h? — 3k — 1), 
l= —(a? — 3ak —a + 2h? + 2h 4 2). 
This theorem can be applied to the cubic equation 
B8+arr+hber+c=0 (2) 
having three real roots. As Mr. Escott remarks, the cubic equation 
B+a'’+ bx+c’ =0 (3) 
which is obtained when we replace a by — a + 3k + 1, has three real roots 
among which the relations (1) exist. 
The two cubics (2) and (3) may be said to be conjugate with respect to 
the relations (1). 
Using this fact, I will show that the cyclotomic cubics* in the cases of 
the circle-division into seven, thirteen, and nineteen parts are all conjugate to 
that in the case of the division into nine parts. 


2. The cyclotomic cubic 
o4+a2-2r—1=0 
whose roots are 








* I will use this name for any cubic which can be used for the circle-division. 
(189) 
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> on 9 dor ) 67 
Zz COs -- zZ cos z C08 —-, 
7’ 7’ 7 


is obtained by putting a = 1, 4 = 0. 
If we replace a by — a + 3k + 1, i.e. 0, and therefore if we put a = 0, 
i; = 0, then we get the cubic equation 
a — 3x+1=0. 
This cubie is the cyclotomic equation in the case of the circle-division into 
nine parts, because its roots are 


» 

2er dor 87 
Sy) end 9 ane 9 . ae 
2 cos) 2 cos ys 2 cos —-. 


Therefore the cyclotomic cubic x3 + x? — 24 —1 = 0 inthe case of the circle- 
division into seven parts is conjugate to the cyclotomic cubic x3 — 3x + 1 = 0 tn 
the case of the circle-division into nine parts with respect to 

B=a*?—2, 
y= 8 -? 


ay. ¥ 
a= ha — 2. 
If a’+a*—2?a—1=0, 
. l 
a Pe 
B a+ 1 
ii : 1 
Similarly y= R-—-2=>-~—., 
B+ 1 
. 1 
é = y° _— ? =_— - ~< 
y+ 1 
Again if a®’#—3a+1=0, 
9 = l 
B=a*?-2= 
a 
Changing the signs of a and 9, and transforming, 
= 1 
~ gah 
Hence if a, 8, y be the roots 
27 T 
—2 cos Q? —2 cos y? —? cos ta 


of the cubie equation 
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then a= : 
— B+’ 

l 
i. 

_ 1 
ss a+1° 


Therefore by changing the order of the roots, we know that the cyclo- 
tomic cubic 2° + x —2¢ —1 = Oin the case of the circle-division into seven 
parts is conjugate to the cyclotomic cubic «5 — 32 —1 = 0 in the case of the 
division into nine parts with respect to 





1 \ 
a is 
1 
Mae Se | 
- 1 
eae ) 


3. The cyclotomic cubic 


o+4+a?—~dr+1=0 
whose roots are 


. 


2a 
2 cos— + 2 cos 


107 do 87 120 
13 13’ 13 13 13 


Hor 
2 cos— + 2 cos—., 2 cos—— + 2 cos —_, 
13 

is obtained by putting a= 1,4 = 1. 

If we replace a by —a + 3h 4+ 1, i.e. 3, and therefore if we put a = 3, 
k = 1, we get the cubic equation 

e+ 3 —3=0 

whose roots are 
87 


2a 4a ‘ , 
—2 cos _* l, —2 cos : Ry —2 cos—- — 1. 

Therefore the cyclotomic cubic x* + x? — 4a 4+1=0 in the case of the 
circle-division into thirteen parts is conjugate to the cyclotomic cubic x? + 3x* —3 
= 0 in the case of the circle-division into nine parts with respect to 
B=a+a-—3, 
y=RP+R-3, 
ss i +79 -— 3. 
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We can also show that the cyclotomic cubic 4+ 2? —4xn 4+ 1=O0in the 
case of the circle-division into thirteen parts is conjugate to the cyclotomic cubic 
2 — Be + 1 = 0 tn the case of the circle-division into n tne parts with respect to 


get, } 
a 

Pe deo 

,= B a 4 
y—1 

| — 
Y } 





4. The cyclotomic cubic in the case of the circle-division into nineteen 
parts is 
e+ a° — 62 —7 = 0. 


(Gauss, Werke, vol. 1, § 353.) This is obtained by putting a = 1, & = —1. 
If we replace « by —a + 3k + 1, i.e. —3,and therefore if we put a = —3, 
hk} = —1, we get the cubic equation 


ap a 3.2 — 62 aa 17 = (0). 


Solving this cubic by Trigonometry, we get as its roots 


a br , i in , liv 
2y3 COS 18 +4, 2y 3 COS TS +4, 2y5 COS Tx + 1, 
i.e. 
T dor 27 hor Tw 107 
S ane. +: 2 wan 9 eos 9 eos ' ee t 9 ene _ P 
2 co: _4 2 co: r +1, 2 co: ‘ + 2 co: r + 1, 2 cos 4 2 cos —— + 1; 


so that this cubic may be said to be the cyclotomic cubic in the case of the 
division into nine parts. 


Therefore the cyclotomic cubic «3 + «* —62—7=0 in the case of the 
circle-division into nineteen parts is conjugate also to the cyclotomic cubic 


wo — 30? — be + 17 = 0 in the case of the division into nine parts with respect to 


Bod —~a—5 
¥ =f —B—5, 


a =v —y— 5. 
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TOKIO, JAPAN. 





























GENERAL INDEX, 





(1899-1911) 





SECOND SERIES, VOLS. 


1- 


12, 


. Vol. Page 
Auuarpice, R. EF. Note on the Dual of a Focal Property of the Inscribed 
Ellipse >i © ewe he he ee ee oe ee 2 148 
a On Some Curves Connected with a System of Similar Conics . 3 154 
-—-- On a Linear Transformation, and some Systems of Iypocycloids 5 169 
Ames, L. D. Evaluation of Slowly Convergent Series a ae 185 
ArcuiBaLp, R. C. The Cardioid and ‘Tricuspid: Quartics with Three 
Cusps a ee ee ee es ee ee 4 95 
ARZELA, CESARE. Note on Series of Analytic Functions. : < = a 51 
Barnum, HL. IL. Abel's Theorem and the Addition Formule for [ lliptic 
Integrals y «a s @ “a eee uu s 103 
Berry, W. J. Some "Theorems Concerning Systems of Linear Partial 
Differential Expressions. nr ar ae 12 7 
Birknuorr, G. D., and Vanpiver, ILS. On the Integral Divisors of a” —b" 5 173 


Birkuorr, G. D., A Theorem Concerning Uniform Convergence - * 
— On the Solutions of Ordinary Linear Homogeneous Differential 
Equations of the Third Order . se . -« * & 
Buicurenopr, IL. F. Proof of a Theorem Concerning Isosceles Triangles 

Buss, G. A. The Geodesic Lines on the Anchor Ring 


——— The Solutions of Differential Equations of the First Order as F une- 


tions of Their Initial Values : ees 
On the Inverse Problem of the Cale a of Variations 
Bocner, Maxime. Examples in the Theory of Functions 
The Theory of Linear De ‘pe ndence : ‘ 
Some Applications of the Method of Abridge: I Not: ation 


—— On the Uniformity of the Convergence of © ertain Absolutely Con- 


vergent Series . a. es ‘we - «= « 
_— Linear Differential Equat itions with Niiauiaibiianaie Coefficients. 
A Problem in Analytic Geometry, with a Moral 
— Introduction to the Theory of Fourier’s Series 
—— Another Proof of the Theorem Concerning Artificial Singularities 
— On the Small Forced Vibrations of oom with One Degree of 
Freedom Saas Sees 
oe On Semi-An: alytic F unctions of T wo V re 
Bouron, C. L. Problems in the ‘Theory of Continuous Groups 


~ ° 


aS 





6 (Apr.) 90 


105 


6(Jan.)49 


9 


4 
6( 


~ 
4 
~ 
é 
~ 
o 


10 
12 

1 
(193) 


127 


37 


159 


Apr.)49 


44 


18 


95 





Fe AG TOROS 2 ga ee, 


— 


Seal sanahiienatadnn dctrenmat setae miaaliaiay aeberahd ox. > 





~~ 


way 





< 


ee ee a er 


a 





194 GENERAL INDEX, SECOND SERIES 


—— Nim, a Game with a Complete Mathematical Theory 


—- Discussion of a Method for Finding Numerical Square Roots 


Brapsuaw, J. W. The Logarithm as a Direct Function. With an Intro- 
duction by Professor W. F. Osgood. AO ae ae ae ee 
Brenke, W. C. On the Convergence and Differentiation of ‘Trigonometric 

Series ae ee ee ee ee 
Brown, E. W. On Tide Currents in Estuaries and Rivers a 
Bucuanan, H. E., and Hirpesranpr, HL. 'T. Note on the Convergence of 


a Sequence of Functions of a Certain ‘Type 
Brerty, W. E. The In-and-Circumscribed Quadrilate oo 
Approximate Representation ; 
CarMIcHakEL, R. D. Note on Multiply Pe rfect on 
Multiply Perfect Numbers of Three Different Primes 
Multiply Perfect Numbers of Four Different Primes 


—_—_— On the Classification of Plane Algebraic Curves Possessing F bist | 


Symmetry with Respect to a Point j ; 
Another Proof of a Theorem in Multiply Perfect Suniie Ts 
On the Geometric Properties of Quartic Curves Possessing Four- 
fold Symmetry with Respect to a Point 
CoouipGE, J. L. On the Intersection of Two Conics having a Common 
Focus a a ee ee ee ee ee re 
The Continuity of the Roots of an Algebraic Equation . 
A Theorem Concerning Equal Ratios . 
The Gambler's Ruin . eee oe 
—— Some Circles Associated with Coneyclic Points 


Converse, H. : On a System of Hypocycloids of Class Three Inse ribed 


to a given 3- —_ and some Curves Connected with it 
ConweL, G. M. The 3-Space PG (5, 2) and its Group 
Corry, S. A. The Development of Functions . 
- —— Note on Stirling’s Formula ee oe ee ee eee 
Curtiss, D. R. A Proof of the Theorem Concerning — Artificial Singu- 
lurities 


On Certain Theorems of Mean Value for Analytic Functions of a 
Complex Variable ee ar 
Dickson, L. E. A Generalization a Fermat's heorem 





— An Elementary E xposition of Frobenius’s Theory of Group- 
Characters and Group- Determinants 


Determination of all Groups of Binary Linear Substitutions with 


Integral Coefficients taken Modulo 3 and of Determinant Unity 





Vol. 


10 





Page 


35 
167 


87 
68 


125 
23 
128 
15: 
+9) 
149 


a3 
180 


173 
116 
1S] 
Is] 

39 


118 


Led 
oo 


ew 
ue 


140 























na ee eee te pee 











VOLS. 1-12 (1899-1911) 195 
Vol. Page 
Application of Groups to a Complex Problem in Arrangements. 6 31 
-___— On the Real Elements of Certain Classes of Geometrical Con- 
figurations... ee Se ee ee ee ae ae eae eee 6 141 
Note on ( ‘ubic Equations and Congruences . . : - «ae 149 
Diners, C. R. The Harmonics of a Stretched String V ibrating in a 1 Resisting 
Medium... es 153 
—— A Method of avnatiinitiion Numbe Ts v" the Sinaia Gks + 1 . . 10 105 
Dow tine, L. W. On the Conformal Representation of Certain Isosceles 
Triangles upon the Upper Half-Plane. 2 2.) 6(Jan.)69 
DunkeEL, Orro. Sufficient Conditions for Imaginary Roots of Algebraic 
Equations oe ‘ ; 10 46 
ini Generalized Geometric ies oil Alee braic —_— . « » ie 21 
DuvaL, E. PLR. Graphs of the Functions ™ and ¥ . wi . & G4 
Ewen, Annoip. Illustration of the EF ai Integral of the First Kind ™ a 
Certain ap Work .. 1 81 
——— Application of E lliptic F unctions to P wesalltical rs L ink- Work 
dieame ice etn ene ee = & we & 2 60 
Encperc, C. C. A Special Quadri-Quadric Transformation of Real 
Points in a Plane . a ae ys 4 89 
Epsrreen, SAUL. Rationality Groups in = SC ibed Sanidne ; 12 49 
——— The Differential Equation of the Third Order with a Qu: shite 
Relation between the Integrals . oe 12 185 
Escorr, E. B. Cubic Congruences with Three Real Roots .& = » we 86 
Fire, W. B. Note on the Continued Product of the Operators of any 
Group of Finite Order ae 6 7 
—_——— Concerning the Invariant Points of Commutative ¢ ‘olline: ations . 11 169 
Forp, W. B. On the Determination of the —7 De ined nts of a 
Given Function ; + » Se 115 
Gaines, R. E. A Graphic a Me thod of Deduci ‘ing the riteria for the Nature 
of the Roots of Cubic and Quartic Equations ; 1 111 
Gar, A. S. Wiener’s Theory of Displacements, with an Application to the 
Proof of Four Theorems of Chasles ° oe 2 1 
~~ — On a Generalization of the Set of Associated Minimum Surfac eS 4 107 
— Examples of Non-Applicable Surfaces having the Same Gaussian 
Curvature at Corresponding Points 5 66 
GILMAN, FRANK. The Ballistic Problem 6(Apr.)79 
ene Evaluation of the Probability Integral 9 167 
—— Theory of Floating ‘Tubes . * 11 1 
Grieason, R. FE. A Simple Method for Graphically Obt: aining the ( — x 
11 95 


Roots of a Cubic Equation 











poste rd 


et DST POS 
Seger MEE Ss 


One iene a ne 
» * 


2 om 





a 
RE eo ae 
: ° 





196 GENERAL INDEX, SECOND SERIES 
On a Method for the Summation of Series . . @ 
GRANVILLE, W. A. On the Invariants of a Quadrangle under the aes 

Subgroup having a Fixed Point, of the General Projective Group in the 








Plane i ce + * ee ob Se we -s 
GREENHILL, A. G. The Mathematical Theory of the ‘Top 
The Mathematical Theory of the Top (continued). . 
Hamitron, ALSTON. The Irreducible Case of the Cubic Equation 
Brilliant Points of a Family of Concentric Spheres : 
Harris, R. A. On Two-Dimensional Fluid Motion through Spouts Com- 
posed of Two Plane Walls : : . ‘ 
Haskins, C. N. A Geometrical Inte sigiiateiihon of the Gene ralized hee of 


the Mean oie ae ; F 
On a Second es of the Mean ‘ ot Batts 
Haruaway, R. M. On Some Points in the Theory of the — rgeometic 





Function expressed as a Double Circuit Integral 
Havasu, T. Relations among Some Cyclotomic Cubics 
Heprick, E. R. On Three-Dimensional Determinants . 
On the Characteristics of Differential Equations 
——. On a Function which Occurs in the Law of the Mean 





—_—— A Peculiar Example in Minima of Surfaces 





A Smooth Closed Curve Composed of Rectilinear Segments with 
Vertex Points which are Nowhere Dense . ees ee 

Hewes, L. J. Necessary and Sufficient Conditions that an Ordinary Differ- 
ential Equation Shall Admit a Conformal Group 

Hitpesranpt, T. H. See Bucuanan. 

Hitt, G. W. Application of Tchébychef’s Principle in the Projection of Maps 


Hook, E. A. Multiple Points on Lissajous’s Curves in Two and Three 
Dimensions Pe ee ee ner eo ee eee 
Htuntincton, E. V. The Complex of Axes of a Central Quadric Surface 





Communication Concerning Mr. Ransom’s Mechanical Construe- 


tion of Conics . 





The Continuum as a T ype of Cetin: an E taille of the Modern 
Theory. I-IV. a ee, ee, 

——-- The Continuuin as a , ype sof Orde ‘r: An Exposition of the Modern 
Theory. V-VI. With an Appendix on the Transfinite Numbers. (See 
erratum on back of Index to Volume 7.) 


The Fundamental Laws of Addition and Multiplic ation in E le ‘mnen- 
tary Algebra 





Hurwirz, W. A. Note on the Definition of an Abelian ve by a 
ent Postulates. . . . . . 6 « : 


Vol. 


12 


~ 


a 


uw 


= 


CO] w 


a) 


.) 


a 
Zt = 66 


iden) 
~ 


10 


6 





Page 
45 


43 


67 


41 


97 


141 
173 


137 
189 


=~) =) ¢& 
eo 2 — 


163 


£9 




















vots. 1-12 (1899-1911) 





Note on Certain Iterated and Multiple Integrals 


IIlypre, E. W. On a Surface of the Sixth Order which is Touched by the pom 


of all Screws Reciprocal to Three Given Screws . , 
Jackson, W. H. The Integral Roots of Certain Inequalities 
The Theory of Shadow Rails 


a Periodic Decimal Fractions . 





Kasner, Epwarp. A Relation between the Circular and the Projective 
Transformations of the Plane ‘ Me es ; 

Ket.oce, O. D. A Necessary Condition that all the Roots of a ew 
be Real a a ae oe oe ee ee ee ee ee ee 

KENNELLY, A. E. Two Elementary Constructions in Complex Trigonom- 
etry 


wee The Harmonic Analysis of the Semicircle and of the Ellipse 

a Expression of Constant and of Alternating Continued Fractions in 
Hyperbolic Functions ea 2s 

Lampert, P. A. A Method of Solving — Differential —_— 


Leumer, D. N. Concerning the Tractrix of a Curve, with Planimetric 
Applications 


—_—— Rational ‘Triangles : 
——— Multiply Perfect Numbers 
—_——— A Theorem in Continued Fractions 





nomial oe é . & & w ieee 
LeNNEs, N. J. —_ on a Proof that a Continuous eine is Uni- 
formly Continuous ius e * & «@ 6 & wok 
Line, G. H. A Geometric Discussion of the Absolute Convergence of a 


Series with Complex Terms 


Lovett, E. O. The Condition that a Linear Total Differential Rquntion 


be Integrable “—r oe 

Lunn, A. C. The Foundations of Trigonometry 

Mac oskirg, G. A Method of Solving Determinants 

ee A General Method of Evaluating Determinants . 

MacDonacp, W. E. See Risiey. 

MacNeisu, H. F. On the Determination of a Catenary with Given Direc- 
trix and Passing Through ‘Two Given Points ; ; 

—-— Concerning the Discontinuous Solution in’ the Problem of the 
Minimum Surface of Revolution 

McCuintock, Emory. <A Simplified Solution of the ( ( ‘ubic 

Mascnuke, HH. A Geometrical Problem Connected with the Continuation 


of a Power-Series . 


onwn-= = 


On Maximum and Minimum Values of the Modulus of a , te 


~ 
Ge 


D- 


Oo 


~ 































weqerr eer =O. 
ms : 





~~ 


SSS a ae 



























wae 


ar rae 


—#-y 





Seer 


Gia a RE BS 


eee 


as 
a 2 
fe 


Some 
a 


— 
: =, ee 








198 GENERAL INDEX, SECOND SERIES 

Marsuarti, WILLiAM. On a New Method of aii the Roots of 
Bessel’s Functions a ee ee ae 

Mason, Max. Curves of —— Moment of Inertia with Re ann’ toa 
Point ee ee ee ee” ee ee ee ee 

Messick, J. F. Cubie Curves in Reciprocal Triangular Situation 

Mitier, G. A. Note on Netto’s Theory of Substitutions 


a On a Special Class of Abelian Groups ce ae eee 
—- On the Groups Generated by Two Operators of Order Three 
whose Product is also of Order Three . onus ee 

a Note on the Group of Isomorphisms of a Group of Order p™ 
—_—— A New Proof of the Generalized Wilson’s Theorem 
-—-- Note on Sylow’s Theorem ns 
—_—— On the Subgroups of an Abelian Group ; 
—— Groups of the Fundamental Operations of Arithmetic 
Note on the Possible Number of Operators of Order 2 in a Group 
of Order 2” a Cee ee ee ie 
a Note on the Use of Group Theory in E le mentary Tri gonometry 
--—— The Groups Generated by Two Operators such that Each is 


Transformed into its Inverse by the Square of the Other 


Moore, C. L. E. Circles Orthogonal to a Given Sphere 
Moorr, C. N. Note on the Roots of Bessel Functions ae 
Moore, E. H. A Fundamental Remark Concerning Determinant: al Nota- 


tions with the Evaluation of an Important Determinant of Special Form 





Concerning du Bois-Reymond’s ‘Two Relative Integrability 
Theorems a ee eee 
A Generalization of the Gene called Nim eS 
Moreneap, J. C. Extension of the Sieve of Eratosthenes to Arithme tic ical 


Progressions, and Applications eee ee ee ee ee ee ee 
Morey, FRANK. The “No-Rolling” Curves of Amsler’s Planimeter 
Monrtrz, R. FE. Extension of Hurwitz’s Proof for the Transcendence of ¢ to 


the Transcendence of * ee ee er 
On a General Relation of Continued Fractions —) ae: 
Some Physical Solutions of the General Equation of the n-th 
Degree 


Moutron, F. R. The Straight Line Solutions of the Problem of n Bodies 


Newson, IL. B. On the Volume of a Polyhedron 
Note on the Product of Linear Substitutions . Son tee ae 
Nose, C. <A. Characteristics of Two Partial Differential Equations of 
Order One ee ae Re ee eee 
Oscoop, W. F. Sufficient Conditions in the Calculus of Variations . 


Vol. 


1i 


Page 


153 


165 
29 


~~? ~) 
~— 


40 
180 
188 
187 

l 


Apr.) 41 


6(Apr)G4 


12 
1 
3 


12 


1 
108 
147 


179 
105 




















Vols. 1-12 (1899-1911) 


Note on the Functions Defined by an Infinite Series whose Terms are 
Analytic Functions of a Complex Variable; with Corresponding ‘Theorems 
for Definite Integrals 


Problems in Infinite Series and Definite Integrals; with a State- 


men of Certain Sufficient Conditions which are Fundamental in the 
Theory of Definite Integrals a. — 
- The Integral as the Limit of a Sum, sii a ‘Theorem of a s 
See Brapsnaw. 
On the Differentiation of Definite Integrals 


Pr ace, B. O. Some Elementary ‘Theorems Concerning the Steady Flow of 


Electricity in Solid Conductors ‘ Doig 
Pet, ALEXANDER. Evaluation of a Definite Integral 


Prence, A. B. The Necessary and Sufficient Condition under which Two 


Linear Homogeneous Differential Equations have Integrals in Common 
Pirxvont, James. Galois’ Theory of Algebraic Equations. Part I. Rational 


Resolvents . 


— Galois’ Theory of Algebraic Equations. Part I. Irrational 


Resolvents . oe we wee eS es eb eS Se we et One Oe 
Porren, M. B. On the Differentiation of an Infinite Series Term by ‘Term 
On the Roots of Functions Connected by a Linear Recurrent Rela- 
tion of the Second Order ae So aw se Sy ; 
—— On Functions Defined by an Infinite Series of Analytic Functions 
of a Complex Variable . « 2 
Concerning Series of Analytic Functions - a -  & 
—- Concerning Green’s Theorem and the Cauchy-Riemann Ditte rential 
1D Aqui ations n x , + & &« &®» * eM ee = SS 
— On a Criterion of Prin: ysheim’s for Expansibility in Taylor's 
Series 


_——— On the Polynomial Convergents of a Power Series 


Rason, S. EF. The Geodesic Lines on the Helicoid ee 

Ransom, W. R. Mechanical Construction of Confocal Quadrics 

Risney, W. J., and MacDonaup, W. E. Envelopes of One-Parameter 
Families of Plane Curves Sue aa 

Ror, E. Dd. Note on a Partial Differential Beedin of the First Order 

Rorver, W. HL. Brilliant Points and Loci of Brilliant Points ; 

RvrLepGe, Grorce. Metric Classification of Conies and Quadries by 
Means of Rank . is Sf we 

Sarrorp, F. H. A Note on Critical Points 

SaAuREL, Paut. On a Theorem of Kinematics 


—_—— On Positive Quadratic Forms 


199 


Page 


w 
wr 


129 
161 


119 


153 
144 


17 


ere) 


~~ 


19 


wt 
ue 


45 
190 


45 
189 


‘dé 
164 


181 
46 
159 
62 





































ep ee 











SO Re IG I I A A RE ORES ge 














200 GENERAL INDEX, SECOND SERIES 


— On Quadratic Forms : 

——— The Conditions for a Plait Point 

——— Acknowledgement 

——— On Integrating Factors ’ 

—-— On the Singularities of Tortuous Curves 

—-——— On the Twist of a Tortuous Curve 
_—— On Functional Determinants 


——— On the Torsion of a Curve . es 

—_—_— On the Spherical Representation of a Susilone see 

Sayre, HL. A. The Solution of Algebraic Equations by Partial Ditte rential 
Equations a oe oe oe ee 2 ee 

Scuapper, I. A New Construction for Cycloids re ee 

ScCHOTTENFELS, Miss I. M. Two Non-Isomorphic Simple Groups of the 


same Order, 20,160 One a ee en en 
Scorr, Miss C. A. Note on the Geometrical Treatment of Conics 


——— Note on Regular Polygons 


Suarpe, F. R. The Topography of Certain Curves De fined by a Dilfe T- 


ential Equation a ss a re ie 
SIncLAIR, Miss M. E. On the Minimum Surface of Revolution in the Case 
of One Variable End-Point . 





tion of Minimum Area oe ee ae es ee ee ee ee ee ee 
Concerning a Compound Discontinuous Solution in the Problera of 





the Surface of Revolution of Minimum Area . 


Sintrsor, D. Note sur lévaluation dune intégrale définie 


SLICHTER, C. 5S. The Mixing Effect of Surface Waves 

Svirn, P. F. On a Transformation of Laguerre gga cay 
On Sophus Lie’s Representation of Imaginaries in Plane Geometry 

STEPHENS, R. P. On a System of Parastroids . ' oe 

Srromauist, C. E. A Second Inverse Problem of the Calculus of \ ariations . 

Vanpiver, HL. S. See BirkHorr. 

Van Groos, J. A. Note on the Equilateral Hyperbola ra esas tee 

Van Vieck, E. B. On the Determination of a Series of Sturm’s Functions 


by the Calculation of a Single Determinant . % —— 
On the Convergence of the Continued Fraction of Gauss, and 
Other Continued Fractions ee ee ee 
_———— A Sufficient Condition for the Wadia Number of Imaginary 
Roots of an Equation of the n-th Degree 


—_—— A Functional Equation for the Sine 


The Absolute Minimum in the Proble mM of the Nitin of Re di. 


< 
aas 


-~ 
we ww 


~ 


a 





Page 
21 
188 
192 
185 


10 
73 
144 
149 


147 
G4 


127 


we 


189 
170 
153 
165 
159 


Sr 
~) 


191 
161 











vors. 1-12 (1899-1911) 


Weppersurn, J. H. M. On the Direct Product in the Theory of Finite 
Groups a ra a ee 

Wesrtraui, W. D. A. Existence of the Generalized Green’s Function 

WestLuUND, Jacon. Note en Multiply Perfect Numbers . 

we Note on Multiply Perfect Numbers ; a 

Wurrer, IL. S. Two Elementary Geometrical Applications of ns 


—-— Note on a Twisted Curve Connected with an Involution of Pairs of 
Points in a Plane . 


—- Twisted Quartic Curves of the F cost Spec ies, , and C ertain Cc ovariant 


Quartics 


-- Triangles and Quadrilate - —_ ribed toa C aie ‘ail Cire ‘um- 
scribed to a Conic 


Wurrr, Miss M. B. The Asymptotic Lines on the Anchor Ring 

Wurrremore, J. K. Note on the Convergence of Definite Integrals 

——— Lagrange’s Equation in the Calculus of Variations, and the Ex- 
tension of a Theorem of Erdmann = 

—-—— The Isoperimetrical Problem on hea Surface. 

——-— A Note on Geodesic Circles 
-— The Calculation of Logarithms 

——-- A Problem in Chance 

—— — Two Principles of Map-M: ites 


Wirsonx, E. B. eer on the Function Satisfying the Function: r Relation 


%(u). P(7') = Pin +7 


- = A Generalized Conception of Area: Applications to Collineations 


in the Plane ee eer ae 
= : Projective and Metric Geometry 
-— Note on Integrating Factors a eee 
—— Involutory Transformations in the Projective Group and_ its 
Subgroups . oe ee pe el a 
—— The Re ore of a Dark Particle about a Luminous Center 
The Equilibrium of a Heavy Homogeneous Chain in a Uniformly 


Rotating Plane ; 
Applications of Probability ios oo a : ; 
Thermodynamic Analogies for a Simple Dynamical Sy — 


Wirsox, N. R. Reduction of an E lliptic Integral to Legendre’ s Normal 
Form ee ee eee ee 
Worrr, H.C. The Continuous Plane Motion of a Liquid Bounded by Two 


Right Lines 


Woop, Miss R. G. The Collineations of Space which Transform a Non- 


Degenerate Quadric Surface into Itself 
Woops, F. S. Space of Constant Curvature 
Lines of Curvature on Minimum Developables 
Youna, J. W. The Geometry of Chains on a Complex Line 


Vol. 


201 


Page 


173 
177 
172 
161 
103 


149 
116 
172 
103 


189 


130 


69 


161 
71 
46 
33 



































OCTOBER 1910 


ANNALS OF MATHEMATICS 


(Founpep sy Ormwonp Srone) 





EDITED BY 
Ormonp STONE W.E. Byerty F, S. Woops 
E. V. Huntineton J. K. WauitremMore 
L. A. HowLanp Evisan Swirt 





PUBLISHED. UNDER THE AUSPICES OF HARVARD UNIVERS {TY 





SECOND SERIES Vol.12 No. 1 





FOR SALE BY 
THE PUBLICATION OFFICE OF HARVARD UNIVERSITY 
2 University Hall, Cambridge, Mass., U.S. A. 





London: Lonomans, Green & Co. Leipzig: Orro Harrassow!1z 
39 Paternoster Row : Querstrasse 14 








The following pamphlets, most of which have been reprinted 
from the ANNALS OF MATHEMATICS, second series, will be sent post- 
paid on receipt of price by the PusLicaTION OFFICE OF HARVARD 
University, 2 University Hall, Cambridge, Mass. 


‘ 





Maxme Bécuer, Regular Points of Linear Differential Equations of the Second Order. 
23 pp. 1896. ‘ ’ ° ° ‘ . : - $0.50 
W. F. Oscoop, Introduction to Infinite Series. 71 pp. Second Edition, 1902, . . 75 





Maxime Bédcuer, The Theory of Linear Dependence. 16 pp. 1901. Fromvol.2. . 035 


W. F. Oscoop, Sufficient Conditions in the Calculus of Variations. 25 pp. 1901. 
From vol. 2, A . . ‘ ° ° ° .50 


F. S. Woops, Space of Constant Curvature. 42 pp. 1902. Fromvol.3. . -. ° -50 


W. F. Oscoop, The Integral as the Limit of a Sum, and a Theorem of Duhamel’s, 
18 pp. 1903. From vol. 4. . ‘ . ; ° i ° 35 


E. V. Huntimncton, The Continuum as a Type of Order: An ieee: of the 
Modern Theory. With an meannd on the Transfinite Numbers. 63 pp. 


1905. From vols.6-7, .  . ‘ ° ° ° -50 
Maxme Bécuer, Introduction to the Theory of Fourier’s Series. 72 pp. 1906. 
From vol.7. . ; . ; ° ‘ P 75 


E. V. Huntineton, The Fundamental Laws of Addition and Naliplcaton in Ele- 
mentary Algebra. 44 pp. 1906. Fromvol. 8 . * . e -50 

















The following pamphlets, most of which have been reprinted 
from the ANNALS OF MATHEMATICS, second series, will be sent post- 
paid on receipt of price by the PusBLicaTION OFFICE OF HARVARD 
University, 2 University Hall, Cambridge, Mass. 


‘ 





Maxme Bécuer, Regular Points of Linear Differential Equations of the Second Order. 
23 pp. 1896. ° ° ° . , , : ° i . ° - $0.50 


W. F. Oscoop, Introduction to Infinite Series. 71 pp. Second Edition, 1902. . ° 75 





Maxime Bécuer, The Theory of Linear Dependence. 16 pp. 1901. Fromvol.2. . 035 


W. F. Oscoop, Sufficient Conditions in the Calculus of Variations. 25 pp. 1901. 
From vol, 2, . . ° : ° ° ° -50 


F. S. Woops, Space of Constant Curvature. 42 pp. 1902. Fromvol.3. . -. ° -50 


W. F. Oscoop, The Integral as the Limit of a Sum, and a Theorem of Duhamel’s, 
18 pp. 1903. From vol. 4, . . . ° . ° ‘ ° 35 


E. V. Huntrncton, The Continuum as a Type of Order: An Exposition of the 
Modern Theory. With an —— on the Transfinite Numbers. 63 pp. 


1905. From vols. 6-7. 7 . 7 . . . . * a 50 
Maxme Bécuer, Introduction to the Theory of Fourier’s Series. 72 PP. 1906. 
From vol.7. . ‘ : . é ‘ ‘ ‘ e 75 


E. V. Huntrneton, The Fundamental Laws of Addition and snitgitcntion in Ele- 
mentary Algebra. 44 pp. 1906. Fromvol. 8 . ot e -50 

















CONTENTS 


PAGE 


The Straight Line Solutions of the Problem of » Bodies. By Pro- 
FEssoR F. R. MoutTton, . . . + «© «© © «© «© «© «© « «@ 1 
On Semi-Analytic Functions of Two Variables. By Prorrssor 
Maxime BOocuer, we ee do ee ak ee BE “AS 138 
Some Theorems Concerning Systems of Linear Partial Differential 
Expressions. By Prorgsson W.J. Berry, . . . . . . . 27 
Some Circles Associated with Concyclic Points. By Proressor J. L. 
ae ee a ee ee ae ee ae 
On a Method for the Summation of Series. By Mr. R. E. Gieason, 45 





ANNALS OF MATHEMATICS 


Published in October, January, April, and July, under the auspices of 
Harvard University, Cambridge, Mass., U. S. A. 





Cambridge: Address The Annals of Mathematics, 2 University Hall, Cam- 
bridge, Mass., U.S. A. Subscription price, $2 a volume (four numbers) 
in advance. Single numbers, 75c. All drafts and money orders should be 
made payable to Harvard University. 


London: Longmans, Green & Co., 39 Paternoster Row. Price, 2 shil- 


lings a number. 


Leipzig: Otto Harrassowitz, Querstrasse 14. Price, 2 marks a number. 





PRINTED BY THE SALEM PRESS CO., SALEM, Mass., U. 8. A. 











JANUARY 1911 


ANNALS OF MATHEMATICS 


(Founpep sy Ormonp Stone) 





EDITED BY 
Ormonp STone W. E. Byerty F. S. Woops 
I. V. Huntineton J. K. Wuhitremore 
LL. A. HowLanp Evian Swirt 


PUBLISHED UNDER THE AUSPICES OF HARVARD UNIVERSITY 





SECOND SERIES Vol.12 No. 2 





FORK SALE BY 
THE PUBLICATION OFFICE OF HARVARD UNIVERSITY 
2 University Hall, Cambridge, Mass., U.S. A. 


39 Paternoster Row Querstrasse 14 



















London: Lonomans, GREEN & Co. Leipzig: Orro Harrassow!1z 








The following pamphlets, most of which have been reprinted 
from the ANNALS OF MATHEMATICS, second series, will be sent post- 
paid on receipt of price by the Pustication OrFice oF Harvarp 
University, 2 University Hall, Cambridge, Mass. 


Maxime Récner, Regular Points of Linear Differential Equations of the Second Order. 
23 pp. 1896 ; . 


W. F. Oscoop, Introduction to Infinite Series 71 pp. Second Edition, 1902, 


Maxime Boécuer, The Theory of Linear Dependence. 16 pp. 1901. Fromvol 2. . 


W. F. Oscoop, Sufficient Conditions in the Calculus of Variations. 25 pp. 190: 
From vol. 2, : , , ; . ° 


F. S. Woops, Space of Constant Curvature. 42 pp. 1902. From vol. 3. 


W. F. Oscoop, The Integral as the Limit of a Sum, and a Theorem of Duhamel’s. 
18 pp. 1903. From vol. 4. . 


E. V. Huntincton, The Ccntinuum as a Type of Order: An Exposition of the 
Modern Theory. With an Appendix on the Transfinite Numbers. 63 pp. 
190%. From vols. 6-7, : , : 


Maximez Bécuer, Introduction to the Theory of Fourier’s Series 72 pp. 1906 
From vol. 7. F ; : ‘ : ‘ - ; J 


E. V. Huntincton, The Fundamental Laws of Addition and Multiplication in Ele- 
mentary Algebra. 44 pp. 1906. From vol. 8 


$0.50 


35 


35 























CONTENTS 


. 
PAGE 
Rationality Groups in Prescribed Domains. By 3. Eprstren  . . 49 
Envelopes of One-Parameter Families of Plane Curves. By W. J. 
Ristey and W.E.MacDonatp . . . . . - - + « «© eB 


ANNALS OF MATHEMATICS 


Published in October, January, April, and July, under the auspices of 
Harvard University, Cambridge, Mass., U.S. A. 


Cambridye: Address The Annals of Mathematics, 2 University Hall, Cam- 
bridge, Mass., U.S. A. Subscription price, $2 a volume (four numbers) 
in advance. Single numbers, 75c. All drafts and money orders should be 
made payable to Harvard University. 

London: Longmans, Green & Co., 39 Paternoster Row. Price, 2 shil- 


lings a number. 


Leipzig: Otto Harrassowitz, Querstrasse 14. Price, 2 marks a number. 











PRINTED BY THE SALEM PRESS CO., SALEM, Mass., U. 8. A. 














APRIL 1911 











NOTICE 


After the close of the present volume, the 
ANNALS OF MATHEMATICS will be pub- 
lished under the auspices of PRINCETON 
UNIVERSITY, and all communications in- 
tended for the editors should be addressed 
to The Annals of Mathematics, Princeton, 
New Jersey, U.S. A. 








Ormonp STONE 
IE. V. Huntineton 
L. A. HowLanp 


EDITED BY 


W. E. Byerty 








SECOND SERIES Vol.12 No.3 





FOR SALE BY 








Lonomans, Green & Co. 
39 Paternoster Row 








ANNALS OF MATHEMATICS 


(Founpep By. OrmonpD Stone) 


, yO? 


F. S. Woops 
J. K." Wairremore 
I-LwAn Swirt 


PUBLISHED UNDER THE AUSPICES OF HARVARD UNIVERSITY' 


THE PUBLICATION OFFICE OF HARVARD UNIVERSITY 
2 University Hall, Cambridge, Mass., U.S. A. 


Orro HaRRAssowitz 
Querstrasse 14 



















The following pamphlets, most of which have been reprinted 
from the ANNALS OF MATHEMATICS, second series, will be sent post- 
paid on receipt of price by the PusticaTion OFFicE OF HarvARD 
University, 2 University Hall, Cambridge, Mass. 





Maxime Bécuer, Regular Points of Linear Differential Equations of the Second Order. 
23 pp. 1896 : ; 
W. F. Oscoop, Introduction to Infinite Series. 71 pp. Second Edition, 1902. . 





Maxime Bécuer, The Theory of Linear Dependence. 16 pp. 1901. Fromvol 2. . 


W. F. Oscoop, Sufficient Conditicns in the Calculus of Variations. 25 pp. 1901. 
From vol, 2. . : 


F. S. Woops, Space of Constant Curvature. 42 pp. 1902. From vol, 3. 


W. F. Oscoop, The Integral as the Limit of a Sum, and a Theorem of Duhamel’s 
18 pp. 1903. From vol. 4. . 


E. V. Huntineton, The Continuum as a Type of Order: An Exposition of the 
Modern Theory. With an pend on the Transfinite Numbers. 63 pp. 
1905. From vols. 6-7. ; F : ‘ 


Maxime Bécuer, Introduction to the ) Theory of Fourier’s Series 72 pp. 1906 
From vol. 7. 


£. V. Huntrncton, The Fundamental Laws of Addition and incline in Ele- 


mentary Algebra. 44 pp. 1906. From vol. 8. 


$0.50 
75 


«35 


zs 


.75 




















= 


le: 


wo RR: 


fae Re ere 





CONTENTS 


PAGE 
On the Solutions of Ordinary Linear Homogeneous Differential Equa- 


tions of the Third Order. By GD. BrrKHOFF . . . . . = 1038 
Approximate Representation. By W.E.Byerry . . . . . . 128 


Note on Cubic Equations and Congruences. By L. E. Dickson . . 149 





ANNALS OF MATHEMATICS 


Published in October, January, April, and July, under the auspices of 
Harvard University, Cambridge, Mass., U. S. A. 





Cambridge: Address The Annals of Mathematics, 2 University Hall, Cam- 
bridge, Mass., U.S. A. Subscription price, $2 a volume (four numbers) 
in advance. Single numbers, 75c. All drafts and money orders should be 
made payable to Harvard University. 


London: Longmans, Green & Co., 39 Paternoster Row. Price, 2 shil- 
lings a number. 


Leipzig: Otto Harrassowitz, Querstrasse 14. Price, 2 marks a number. 





PRINTED BY THE SALEM PRESS CO., SALEM, Mass., U. S. A. 


é 












NOTICE 


After the close of the present volume, the 
ANNALS OF MATHEMATICS will be pub- 
lished under the auspices of PRINCETON 
UNIVERSITY, and all communications in- 
tended for the editors should be addressed 
to The Annals of Mathematics, Princeton, 
New Jersey, U.S. A. 














JULY 1911 


/ 
_ ANNALS OF MATHEMATICS 


(FounpEep By Ormonp Srone) 


— oo 


Juin 





ON 
_ 1911 
\ “9 . EDITED BY 
? OrmonpD STONE W. E. Byer.iy F. S. Woops 
E. V. HuntTINGTOoN J. K. WuitremMore 
L. A. How.anp ELIJAH SWIFT 


PUBLISHED UNDER THE AUSPICES OF HARVARD UNIVERSITY 


SECOND SERIES Vol. 12 No.4 


FOR SALE BY 
THE PUBLICATION OFFICE OF HARVARD UNIVERSITY 
2 University Hall, Cambridge, Mass., U.S. A. 


“ondon: Lonemans Green & Co Leipzig: Orro Harrassow!Tz 


oO ‘ j 
29 Paternoster Row Juerstrasse 14 
















The following pamphlets, most of which have been reprinted 
from the ANNALS OF MATHEMATICS, second series, will be sent post- 
paid on receipt of price by the PuBLICATION OFFICE OF HARVARD 
University, 2 University Hall, Cambridge, Mass. 





Maxime Bécner, Regular Points of Linear Differential Equations of the Second Order. 
23 pp. 1896 ; , : ; ; ‘ . , ; 
W. F. Oscoop, Introduction to Infinite Series. 71 pp. Second Edition, 1902, 


Maxime Bécuer, The Theory of Linear Dependence. 16 pp. 1901. Fromvol 2. . 


W. F. Oscoop, Sufficient Conditions in the Calculus of Variations. 25 pp. 1901. 
From vol, 2. : ‘ ‘ 7 4 


F. S. Woops, Space of Constant Curvature. 42 pp. 1902. From vol, 3. 


W. F. Oscoop, The Integral as the Limit of a Sum, and a Theorem of Duhamel’s 
18 pp. 1903. From vol. 4. . 


E. V.. Hunrineton, The Continuum as a Type of Order: An Exposition of the 
Modern Theory. With an Appendix on the Transfinite Numbers. 63 pp. 
1905. From vols. 6-7. ; : : ‘ é . ‘ : ‘ 


Maxime Bécuer, Introduction to the Theory of Fourier’s Series 72 pp. 1906 
From vol. 7. 


E. V. Huntincton, The Fundamental Laws of Addition and Multiplication in Ele- 
mentary Algebra. 44 pp. 1906. From vol. 8. 


$0.50 


75 





























VST 


BE RY QTV, 105 OE edi 


CANS Bvt 


OTM ae PO. ae SAS R BG IES ITS 


Pr te 


Ce NEE hee eee > 





CONTENTS 


The Harmonics of a Stretched String Vibrating in a Resisting Medium. 
By Mr. C. R. Dives 


. 


The Mixing Effect of Surface Waves. By Proressor C. S. SLICHTER 

Characteristics of Two Partial Differential Equations of Order One. 
By Proressor C. A. NOBLE 

The Diiferential E:juation of the Third Order witha Quadratic Rela- 
tion between the Integrals. By Proressor S. Ersteen 

Relations among Some Cyclotomic Cubics. By Proressor T. Hayasut 


ANNALS OF MATHEMATICS 





PAGE 


153 


170 


185 


1st 


. Published in October, January, April, and July, under the auspices of 


Harvard University, Cambridge, Mass., U. S. A. 


Cambridge: Address The Annals of Mathematics, 2 University Hall, Cam- 


bridge, Mass., U.S. A. Subscription price, $2 a volume (four numbers) 


in advance. Single numbers, 75c. All drafts and money orders should be 


made payable to Harvard University. 


London: Longmans, Green & Co., 39 Paternoster Row. Price, 2 


lings a number. 


Leipzig: Otto Harrassowitz, Querstrasse 14. Price, 2 marks a number. 


PRINTED BY THE SALEM PRESS Co., SALEM, Mass., U. 8. A. 


shil- 

















